AN INTEGRO-PDE MODEL
FOR EVOLUTION OF RANDOM DISPERSAL

KING-YEUNG LAM AND YUAN LOU

ABSTRACT. We consider an integro-PDE model for a population structured by
the spatial variables and a trait variable which is the diffusion rate. Competi-
tion for resource is local in spatial variables, but nonlocal in the trait variable.
We focus on the asymptotic profile of positive steady state solutions. Our re-
sult shows that in the limit of small mutation rate, the solution remains regular
in the spatial variables and yet concentrates in the trait variable and forms a
Dirac mass supported at the lowest diffusion rate. Hastings and Dockery et
al. showed that for two competing species in spatially heterogeneous but tem-
porally constant environment, the slower diffuser always prevails, if all other
things are held equal [13, 15]. Our result suggests that their findings may well
hold for arbitrarily many or even a continuum of traits.

1. INTRODUCTION

In this paper, we focus on the concentration phenomena in a mutation-selection
model for the evolution of random dispersal in a bounded, spatially heterogeneous
and temporally constant environment. This model concerns a population structured
simultaneously by a spatial variable x € D and the motility trait a € A of the
species. Here D is a bounded open domain in RY, and A = [a, @], with @ > a > 0,
denotes a bounded set of phenotypic traits. We assume that the spatial diffusion
rate is parameterized by the variable a, while mutation is modeled by a diffusion
process with constant rate ¢2 > 0. Each individual is in competition for resources
with all other individuals at the same spatial location. Denoting by u(t,z, ) the
population density of the species with trait o € A at location x € D and time
t > 0, the model is given as

up = alAu + [m(x) — a(x,t)| u+ €uae, =€ D,a € (a,a),t >0,

(1.1) %:0, x €0D,a € (a,a),t >0,
' Ug = 0, x € D,a € {a,a},t >0,
u(0, z, ) = ug(x, @), z €D, a€ (a,a).

Here A = ZZ\; 88—; denotes the Laplace operator in the spatial variables,

&
(x,t) := / u(t, z, o) da,
a
n denotes the outward unit normal vector on the boundary 0D of the spatial domain
D, and é% =n-V. The function m(z) represents the quality of the habitat, which
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is assumed to be non-constant in x to reflect that the environment is spatially
heterogeneous but temporally constant.

The model (1.1) can be viewed as a continuum (in trait) version of the follow-
ing mutation-selection model considered by Dockery et al. [13], concerning the
competition of k species with different dispersal rates but otherwise identical:

Lu; = o Au; + [m(ﬂi) - uj] i+ e Y5 Mju

(1.2) in D x (0,00),i=1,....k,
a%uizo on 9D x (0,00),i =1,..., k,
u;(2,0) = u; o(x) inD,i=1,..,k,

where 0 < a1 < ag < ... < ay, are constants, m(x) € C%(D) is non-constant, M;; is
an irreducible real k x k matrix that models the mutation process so that M;; < 0
for all ¢, and M;; > 0 for ¢ # j and €2 > 0 is the mutation rate.

Model (1.2) was introduced to address the question of evolution of random dis-
persal. In the case when there is no mutation, i.e. € = 0, this question was
considered in [15], where it was shown that in a competition model of two species
with different diffusion rates but otherwise identical, a rare competitor can invade
the resident species if and only if the rare species is the slower diffuser. Dockery et
al. [13] generalized the work of Hastings [15] to k species situation, and proved that
no two species can coexist at equilibrium, i.e. the set of non-trivial, non-negative
steady states of the system (1.2) is given by

{(0ay,0,...,0),(0,04,,0,...,0), ..., (0, ..., 04, ) },
where 6, is the unique positive solution of
aAf+6(m—6)=0 in D, 20 =0 ondD.

Moreover, among the non-trivial steady states, only (64,,...,0), the steady state
where the slowest diffuser survives, is stable and the rest of the steady states are all
unstable. Furthermore, when k = 2, the steady state (6,,,0) is globally asymptot-
ically stable among all non-negative, non-trivial solutions. Whether such a result
holds for three or more species remains an interesting and important open question.

Dockery et al. [13] further inquired the effect of small mutation. More precisely,
when 0 < € < 1, it is shown that (1.2) has a unique steady state U = (g, @a, ..., iy
in the space of non-trivial, non-negative functions, such that @; > 0 for all ¢, and
U — (00,0, ...,0) as € — 0; i.e. the system (1.2) equilibrates only when the slowest
species is dominant and all other species remain at low densities.

It is natural, then, to inquire if the situation in the discrete (in trait) framework
carries over to the continuum framework. The aim of this paper is to study the
asymptotic behavior of steady state(s) of (1.1). Let u, be any positive steady state
of (1.1), we will show that, as ¢ — 0,

Ue(z, ) = 6(a — a)fq(x),

i.e. u. converges to a Dirac mass supported at the lowest possible trait value a.
See Theorem 2.3 for precise descriptions of our main results.

Mutation-selection models for a continuum of trait values have been studied
extensively, when the phenotypic trait is associated only with growth advantages
M4, 8,9, 12, 17, 19, 21]. See also [16] for a pure selection model. The consideration
of a spatial trait is more recent [1, 2, 7, 20].
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System (1.1) is also considered in an unbounded spatial domain x € R. A formal
argument concerning the existence of an “accelerating wave” is presented in [6],
which provides a theoretical explanation of the accelerating invasion front of cane
toads in Australia [23]. Rigorous results are obtained when o € A = [, @] more
recently in [, 24]. It can be summarized that the highest diffusion rate is selected
when the underlying spatial domain is unbounded, which stands in contrast to the
case of bounded spatial domains we consider in this paper, where the lowest possible
diffusion rate is selected.

The rest of the paper is organized as follows: The main results are stated in
Section 2. Section 3 concerns various estimates on steady states of (1.1). In Section
4 we introduce an auxiliary eigenvalue problem and a transformed problem of (2.1).
The limit of 4. is determined in Section 5. In Section 6, we analyze the qualitative
properties of solutions to the transformed problem. The proof of our main result is
given in Section 7. Finally, the Appendices A to C establish the existence results,
the smooth dependence of principal eigenvalue on coefficients as well as a Liouville-
type results concerning positive harmonic functions on cylinder domains.

2. MAIN RESULTS

In this paper, we consider the asymptotic behavior of positive steady states of
(1.1), denoted by u.. That is, u. satisfies the following mutation-selection equation
of a randomly diffusing population:

alAue + € (u)aa + [m(z) — Gc(z)]ue =0  in Q:=D x (o, @),

(2.1) Gue — on 0D x (a, @),
(Ue)a =0 in D x {a,a},
where

(2.2) Ue(x) = /a ue(, ) dav.

Throughout this paper, we assume
(A) m(z) is a non-constant function in C(D) such that / m(z) dx > 0.
D

In particular, under assumption (A) it is possible for m(z) to be negative somewhere
in D. The existence of positive solutions to (2.1) can be stated as follows:

Theorem 2.1. Suppose (A) holds, then (2.1) has at least one positive solution for
all e > 0.

We postpone the proof of Theorem 2.1 to Appendix A. For the rest of the paper
we will focus on the asymptotic behavior of positive solutions of (2.1) as e — 0. To
this end, we define the following quantities:

Definition 2.2. (i) Let 04 (x) be the unique positive solution of

(2.3) { a0 +0(m(z) —0) =0 in D,

g—fL:O on 0D.
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(ii) For each « € [a, @], we denote the principal eigenvalue and principal posi-
tive eigenfunction of the following problem by o*(«) and *(x, a), respec-

tively:
0.4 aAY 4+ (m(z) — 0u(x))p +09p =0 in D,
(2.4) %/:: ondD, and [,¢?dr= [, 0% dx.

(Note that by (i), 8, () is a positive eigenfunction for (2.4) when o = a. By

uniqueness of the (normalized) principal eigenfunction, we have o*(a)) = 0,
and ¢¥*(z,a) = 04(z) for x € D.)
(i) Denote by n*(s) the unique positive solution to
n" + (ag —a1s)n =0 for s > 0,
n'(0) =0=n(+o0) and [~ n(s)ds=1,

where ag,a; are positive constants determined by a; = %(g) and ag =

(2.5)

(a1)?/3Ag, where Ay is the absolute value of the first negative zero of the
derivative of the Airy function.

When m(xz) = 1, one can easily show that u. = 1/(@ — a), i.e. there is no
selection in the trait variable. Our main result shows that the outcome changes
drastically when m(x) is non-constant. In fact, u. concentrates at the lowest value
in the trait variable, as € — 0. This phenomenon is also known as spatial sorting.

Theorem 2.3. Let u. be any positive solution of (2.1). Then for all 8 > 0, there
exists C' > 0 independent of € > 0 such that

(2.6) ue(z,a) < Ce?/3exp (—ﬁ(a — g)6_2/3)
in Q=D x (a,@). Moreover, as € — 0

2/3 « [ — Q&
e ue(z, @) — o ()1 <€2/3>

where 04 (x) and n*(s) are given as above. In particular, we have

(2.7) —0

Lo ()

(2.8) Ge(z) = / Ue(x,a)da — O, (x) ase— 0.

As the proof of Theorem 2.3 is fairly technical, we briefly outline the main
ingredients for readers, as well as to motivate the scaling €2/? and the Airy function
n*(s) appearing in (2.7). Our idea is to establish the “separation of variables”
formula (2.7) for u.: Let 7 > 0 be fixed and introduce the scaling s = (o — &) /€,
we write

ue(x’ Oé) = 17/}6(1“7 O‘)we(gja S)v
where (o¢(a), (-, ) is the the principal eigenpair of —aA+ (e —m)y = o1b, sub-
ject to the zero Neumann boundary condition and the integral constraint |’ D P2 =
J D 0;. The main body of our paper is devoted to the proof of following two things:
(i) As € — 0, the fact that @, — 6, uniformly (so that 1. (x,a + €*/3s) — 0,(x))
is established in Section 5 with the help of some “rough” description of concentra-
tion of u. on the subset D x {a} of €2, as well as the limit lim._,o(% — m) being

non-constant; (i) As € — 0, W,(z, s) := “’Hfflr) satisfies

—aV, - (P2V,b) — €72 (20 ) s + V21De {oe(a) —€ ¢;}aa] =0.
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Suppose one can show that
We(x,8) = n(s), le. Vpw.=0,

we may discard the terms involving derivatives with respect to x. Using the regu-
larity of (o, %.) in the variable « (see Lemma 4.1)

0c(0) ~ 0ufa) + W (a)(o—a) and () = € (e = O(),

we have

—27 UC(Q) 805 T— T—
2 | ol + 0 (8 + @5 4 07 )| <o

Now, if 7 is taken as 2/3, we can pass to the limit so that 7 satisfies a version of
the Airy equation
—n" + (Ao + A1s)n=0 for s >0,

where (see Lemma 4.1(iii) and Lemma 4.3)

. 80'6 . O¢ (Q)
Al—l% 90 () >0, and Ao—l% 275
The crucial step that we(x,s) = Hzi\l being asymptotically independent of x is

proved in Section 6 using some key estimates established in the earlier sections.

Remark 2.4. After this work is completed, the authors learned that a closely re-
lated result, under a slightly different formulation, is independently proved by B.
Perthame and P.E. Souganidis under a different approach, where an intermediate
trait attains the minimum diffusion rate and an interior Dirac mass is found when
the mutation rate tends to zero. Apart from the distinction in our approaches,
we note the following distinct features of our work: (i) A boundary concentration
is found in our set-up, instead of an interior concentration in [22] which predicts
different scalings in powers of ¢; (ii) Our method does not assume the convexity
of spatial domain D; (iii) Various detailed L* estimates and asymptotic limits
are obtained (Theorem 2.3) which paves the way to the proof of asymptotic sta-
bility and uniqueness of u. in a future paper; (iv) The key estimate of the limit
ho(z) = lime_, Ge(z) — m(x) being non-constant (Lemma 3.4) reflects the effect of
spatial heterogeneity, the underlying mathematical reason for the selection of small
diffusion rate. See also Proposition 3.7 which makes the connection to [22, Lemma
4.3].

3. PROPERTIES OF 1,

In this section we establish various properties of .. Recall that 4. is defined in
(2.2).

Lemma 3.1. There exists some positive constant 61 = 61(a, &, m) independent of
€ such that

0 <d(x)<1/6;y inD
for all e > 0. In particular,
(3.1) he(z) := tc(z) — m(z)
is bounded uniformly in L (D).
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Proof. The idea of the upper bound follows from [24]. Define

(3.2) ve(z) = /a aue(z, ) da.

Then we have
(3.3) atie(z) < v (z) < at.(r) inD.
Integrating (2.1) over « gives

(3.4) { §8<:>0 + (m(@) — de(x) )it () = 0 21 gb.

Let maxp ve = ve(xg), then Gc(z9) < m(zg) < maxpm (see [18, Proposition 2.2]),
and by (3.3),

amax e < maxve = v(2g) < @t (zp) < @amaxm.
D D D

Hence we deduce that ||t (p)y and ||he|| o (p) are bounded uniformly in €, where
he(z) = Gc(x) — m(x) is given in (3.1).

Next, we show the lower bound of @.. By (3.3), we deduce that

te(z) = ke(z)ve ()

for some ke(z) € L°°(D) such that a=! < k.(x) < a~!. So that v, is a positive
solution of
Ove
on
where we have already shown that h, = . — m is uniformly bounded (in L*°(D))
in €. Therefore, the Harnack inequality applies so that

—Ave + he(z)ke(x)ve =0 in D, and =0 ondD,

(3.5) max v, < C' min v,
D D
for some constant C’ > 1 independent of e. Combining with (3.3), we have
(3.6) amax i < max v, < C' minv, < C'amin ..
D D D D

Now, if we divide (2.1) by u. and integrate by parts over = D x (o, @), we
obtain

_ . a|Vaue? + €| (ue)ol?
(3.7) (Oz—g)/(uefm)dx:/he(x)dad:r:/ | | 3 [(e)al > 0.
D Q Q €
We deduce by (3.6) and (3.7) that

C'a 1 / 1
min 4, > max e > — [ Ge(x)dr > —/ m(z)dx > 0.
a D D D] Jp |D| Jp

This establishes the uniform lower bound of .. O

Remark 3.2. Since ||t (py and [Jvc||z(p) are bounded uniformly in €, applying
elliptic L? estimate to (3.4) implies that ||ve||y2»(p) is bounded uniformly in e. In
particular, there exists sequence €, — 0 such that v, converges uniformly on D.

Lemma 3.3. There exists a constant C > 0 such that for any positive solution u.

of (2.1),
sup u < Ce 1.
Dx(a,o)
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Proof. Choose z, and a, such that the supremum of u, is attained at (x., o). Next,
let Ue(x,7) = ue(x, ae + €7), then (extending u, to D X [a — €, @+ €] by reflection
across the boundary portions D x {a,@} if necessary) one may observe that U,
satisfies a uniformly elliptic equation with uniformly bounded (in L) coefficients

{ AU+ Uerr + he(z)Uc =0 in D x [~2,2],

2 =0 on 0D x [-2,2],

where a = a, + €7 is always bounded between [a — €g, @, +€9] C (0, +00). Hence,
we may apply the Harnack’s inequality to yield a positive constant C' independent
of € such that

Ue(z, a + €7) > Cue(ze,0,) =C sup  u,
Dx(a,@)

for all z € D, 7 € [-1,1]. Hence,

Ge(z) = / ue(z, ) da > OEDSI(lp*) Ue
a X (a,a

for all € sufficiently small. By Lemma 3.1, we deduce that

sup u. < C'e !
Dx(a,o)

for some positive constant C’. O

By Lemma 3.1, k. is bounded in L*°(D) uniformly in e. Therefore, up to sub-
sequences €; — 0, h; converges weakly in LP(D) for all p > 1. We first prove an
important property of any subsequential limit hg.

Lemma 3.4. Let hy be a weak (subsequential) limit of he(x) in LP(D) (p > 1) as
e — 0, then ho(z) is non-constant in D.

Proof. Suppose to the contrary that for some ¢ € R, h(z) — ¢ weakly in LP(D)
for all p > 1.

Claim 3.5. ¢=0.

By taking € — 0 in (3.7), we deduce that ¢ > 0; i.e. for some ¢ > 0, 4, =
he + m(xz) = ¢+ m(z) in LP for all p > 1.
Next, integrating (2.1) with respect to « and then x, we obtain

(3.8) /D 1e(z) (m(z) — 2e(x)) = 0,
so that

(3.9) /Dm(x)(m(z) +c¢)=1lim | m(x)t > liminf/D(fLe)2 > /D(m(z) +¢)?,

e—0 D e—0

where the first inequality follows from (3.8), and the second inequality from ex-
panding [} [de(x) — (m(z) + )]* > 0 as

/DUGQEQ/Dﬂe(m—i—c)—/D(m—&—C)Q—>/D(m+c)2.

Hence, by (3.9), we have ¢ = 0; i.e. he(x) — 0 weakly in L?(D) for all p > 1.
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Note that we are done if m < 0 somewhere, since then h.(z) > —m(z) > 0 in
some open subset of D independent of €, which contradicts he — 0. For the general
case of m(x) being possibly non-negative, we continue via a blow-up argument. Let

(esprta)

C, =
‘ o inszD Ue (1'7 a)

a€(a,q)
It is enough to show that
Claim 3.6. C, \,1 as e — 0.
Assuming Claim 3.6, then by definition of C.,
Ue(x, ) < Ceue(y,a) forallz,y € D and a < a < @.
This gives, upon integrating over « € (o, @),

sup e (z) < C. inf G (y).

zeD yeD

Hence . (z) converges to a constant. But this also means that h, = 4. —m(z) con-

verges to a non-constant function, as m(z) is non-constant. This is a contradiction.
It remains to prove Claim 3.6. Assume to the contrary that there exist some

constant ¢y > 1, and sequences €, — 0, ap — ag, Tk, Yx € D such that

(3.10) Ue, (Thy k) > Cotie,, (Yky k)
Extend u, to D X [a—ep, a@+¢€g] for some fixed ¢y small by reflection on the boundary
D x {a,@}, and define
Up(z,s) := ey (7, Ok + €15/ /) in D x (a— ‘= ak, ateo— ak) .
SUP,ep Uey, (T, ) €k €k
Then (3.10) says that for some ¢o > 1 independent of k

(3.11) inf Ug(z,0) < 1 for all k.
zeD Co

Moreover, Uy, satisfies
AU + ) E— + hei(m)[] =0 in D x Qa—€ -0 ateg—ag
Yk apters/ ok k,ss akters/ /o k €k ’ €k ’

Up(w,5) >0 in D x (852 2domon) - qup. Uy (w,0) = 1,

Since ap — ag € [a, @], e — 0, the domain of Uy converges to D x R as k —
00. Moveover, by the uniform boundedness of ||he, || (p) in k& (Lemma 3.1), we
have for each M > 0 the coefficients of the equation of Ug(z,s) are bounded in
L>®(D x [-M, M]) uniformly in k. Since sup,cp Uk(z,0) = 1, together with (3.11)
we may apply Harnack inequality to obtain a constant C' = C (M) independent of
k such that

Ccl< Ui(z,s) <C forxze D and|s| <M.

By LP estimates (applied to D x [—~M, M] for each M), there is a subsequence
Uy, that converges uniformly in compact subsets of D x R to a positive solution
of AUy + (Up)ss = 0 on D x R. (The limiting domain is D x R as 2_6076_% —
—oo and mﬁ_ak — 00.) Now, we apply Proposition C.1 for positive harmonic
functions on a cylinder domain, so that Uy = ¢; for some positive constant c;.
Since sup,ep Uk(x,0) = 1 for all k, we have ¢; = 1. In particular, we set s = 0
and find a subsequence Uy, (x,0) converges to 1 uniformly for z € D. This is in
contradiction to (3.11) and proves Claim 3.6. This completes the proof. (]
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The following result generalizes a key estimate of [22], proved wherein via Bern-
stein’s method under the additional assumption that D is convex. Although not
needed for the rest of the paper, Proposition 3.7 enables one to follow the elegant
Hamilton-Jacobi approach as in [22] to show the concentration phenomenon.

Proposition 3.7. Let u. be a positive solution of (2.1). Then there exists a con-
stant C > 0 independent of € such that
Vi Ue

I
L (Q) Ue

Ue

<C.

Le(Q)

€

Proof. Extend the definition of u. to D x (2a — @, 2& — a) by reflecting along the
boundary portions D x {a,@}. For each g € [, @], define
Uc(x,7) := ue(x, a0 + €7).

Then U, is a positive solution to

A(1,6)AgUc + Ue 17 — he(2)U. =0
in Dx (e7'(2a —a@ — ap),e (2@ — a — ap)) and satisfies the Neumann boundary
condition on 9D x (e7!(2a — @ — o), e ' (20 — & — o)) Here A(7,€) is a contin-
uous function such that o < A(7) < @. This, together with the boundedness of

|hell L (py (Lemma 3.1), one may apply the Harnack inequality to D x (—1,1) and
deduce the following.

Claim 3.8. There exists C > 0 independent of o € [, @] and € such that

sup Uc(z,7)<C inf Uc(x,T1).
Dx(—1,1) (.7) Dx(-1,1) (@7)

Next, we apply elliptic LP estimates to U, in D x (—1,1), so that
(3.12)

sup [[Ue (2, 0)] + [VaUe(2,0)[] < ClUell o (pr(—1.1y) SC sup Ue(z, 7).
zeD Dx(—1,1)

In view of Claim 3.8, we deduce for any = € D,
|Ue - (2,0)] + |VoUe(x,0)] < C inf U, <CUz,0).
Dx(-1,1)

e, €|ueq(x, ag)|+|Vaue(z, ap)| < Cue(z, ap) for all z € D. Since C is independent
of x, oy and e, this proves Proposition 3.7. ]

4. TWO EIGENVALUE PROBLEMS

4.1. An Auxiliary Eigenvalue Problem. Consider, for each a > 0 and € > 0
the eigenvalue problem (recall h(z) = 4.(z) — m(z))

—aAyY 4+ hop =0y in D,
{ g%: ondD and [, ¢*dx= [, 02 dx,
and denote the principal eigenvalue and positive eigenfunction by o () and ¢, (z, a),
respectively. At this point, we have not shown how the two eigenvalue problems
(4.1) and (2.4) are related yet.

For each € > 0, o.(«) is a smooth function of o > 0 (Proposition B.1(ii)), and it
has a Taylor expansion at o = a:

(4.2) oe(a) = 0o.c + o1e(a — ) + o2 c(a — @)* + O((a — @)?),

(4.1)

where 0g . = 0c(a) and op . = %ae(g).
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Lemma 4.1. Let o, and ¥, be given as above.
(i) For each k > 0, aa—(j,cag(a) is lzounded uniformly in € > 0 and o € (o, @].
(ii) For each k>0 andp > 1, %@/}6( -, ) is bounded in W2P(D) (and hence
C(D)) uniformly in € > 0 and « € [a, al.
(iii) There exists co > 0 such that

Jdo.
iminf — > al.
hIEIi)lélf D0 (@) >¢co >0 forall o € [a,@]

0
In particular, liminf oy . = lim inf i(g) > 0.
e—0 ’ e—0 Oa
(iv) There exist positive constants ¢1,co such that for all € > 0,

1 <Ye(x,a) <co  forallz € D and « € [, @).

Corollary 4.2. There exists C' > 0 independent of € such that

’ @ we,aa
Ve Ve

Proof of Lemma 4.1. By the uniform boundedness of ||h¢|| . (p) in € (Lemma 3.1),
assertions (i) and (ii) follow from Proposition B.5(i). To show (iii), it suffices to
show, given any sequence €¢; — 0, and o; — o € [, @, liminf;_, 8%06]‘ () > 0.
By Lemma 3.1, we may assume without loss of generality that for some hg € L (D),
he; — ho weakly in LP(D) for all p > 1. Then, in the notation of Appendix B,
Proposition B.5(ii) implies that

<C.
Le=(Dx(a,@))

"

L= (Dx(a,@))

0 0 0
%UEJ (Oéj) = £A1<aj,hej) — %Al(ao,ho).

Since hg is non-constant (Lemma 3.4), Proposition B.1 implies that the last expres-
sion is positive. This proves (iii).

For (iv), suppose that along a sequence ¢; — 0 and a; — «g > 0, either
infp e, (x,05) — 0 or supp 9, (x, ;) — oo. By the uniform boundedness of
|hell Lo (py (Lemma 3.1), we may assume without loss that he, converges weakly in
LP(D) for all p > 1. Hence by Proposition B.5(ii), ¥, = ¢1(-;ay, h¢;) converges to
©1(+; 0, ho) uniformly in D, and the latter is a strictly positive function in C(D).
This is a contradiction, and proves (iv). O

4.2. A Transformed Problem. By the fact that u.(z,a) is the principal eigen-
function, with zero as the corresponding principal eigenvalue, of the problem

(4.3) —aAp — E¢pon +he(x)p=0 in Q=D x (a,@),
’ Dp=0 ondDx (a,a), and ¢,=0 onD x {a,a},

on
we have the following variational characterization
(4.4) 0= inf AR
¢ € H(Q)
Jag?=1
where
(45) 3401 = | [0l + 1ol + ht?]
Define

(4.6) se=(a@—a)/e?,
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and
(4.7 we(z,8) = ue(x, o + €2/35) Jipe(x, 00 + €2/35)  forz € D,0<s< s,

where 1, is given by (4.1). Then w, satisfies

—aVy - (w?vzwe) - 62/3(71}52106,5)5 + wz [Je(a) - 62@} we =0

Pe
in D x (0, s.)
48 m y9€)y
(48) %we =0 on 9D x (0, s.),
We s = —62/3%106 on D x {0, s}

The corresponding variational characterization can be written as

peH (DX (0,500} [ [o° 1292 dsdx

(4.9) —00,e = —0c(@)

where

Fra_ 2 2, 2/3) . |2 B _ 9%caa) 2
= [z [a|vx¢| e, +(ae<a> o fa) Lo )ﬂdsdx

€

i3 / [ethead?]™, da.
D
Lemma 4.3. 0 < —0g. < O(e?/?).

Proof. First, o.(a) is the principal eigenvalue (with principal eigenfunction (;3(:107 a) =

Ye(z,a)) of
—gAgz; — 62(5(10( + he(x)qg = 0(5 in Q=D x (a,@)

subject to homogeneous Neumann boundary condition, with a variation charac-
terization analogous to (4.4) and (4.5). Since the integrand in (4.5) is monotone
increasing in o < a < @, o.(a) is necessarily less than the principal eigenvalue of
(4.3), which is zero. This proves o = o.(a) < 0.

For the upper estimate, we use a test function ¢(z,s) = n(s) for (4.9), where
7 :[0,00) — [0, 1] satisfies

n(s)>0 for0<s<1, and n(s)=0 fors>2.

Then upon using V,n =0, (4.2), and

opse o 17(0) 9 2 =
A [7/&7/)6,(177 ]S:O dz = 2 % |:/D 1/}6 dx} a=a -0

(since n(se) = 0 for € small, and by normalization we have [, ¢?(x,«)dz = 1 for
all ), we obtain from (4.9) that

< b f02 P2 [23|ns|? + (01,e€%/35 + 02,"/3s + O(e?))n?] dsda
Bl In f02 Y2n2dsdx '

The conclusion follows from Lemma 4.1(iv). O

—00,¢
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5. UNIFORM LIMIT OF .

In this section, we show that 4. converges to 0, in C(D). In particular, h, —
0, —m in C(D).

Recall that w, is defined in (4.7).
Lemma 5.1. For all 8 > 0, there exists C' > 0 independent of €, such that
we(x, 8) < Cete ™ forallz e D and0<s < s,
where s, = (@ — a)/e*/3.
Proof. First, we derive a rough upper bound of w, from Lemma 3.3.
Claim 5.2. There exists C > 0 such that

sup we < Ce L.
Dx(a,o)

By definition, supw,. < (supu.)/(inf ¢.), and the claim follows from the upper
bound of u. (Lemma 3.3) and Lemma 4.1(iv).
Next, we construct a supersolution to prove the exponential decay.

Claim 5.3. For each 3 > 0, there exists so > 0 independent of € such that
Oﬁ(a) B US(Q) Ue(g) _4/3 we,aa(mv a)
€2/3 €2/3 Ye(z, @)
To see the claim, we note that since o, is monotone increasing in o (Proposition
B.1(iii)), for @ = a + €*/3s and s > s,

> 262 for all o € [ + €350, a).

Ue(a) - Ue(g) Je(g) Ue(g + 62/380) - Je(g) 00,5
e2/3 2/3 = €2/3 e2/3"
By (4.2) and Lemma 4.1(i),
. oa+eBsg) —o(a) . .
hglglf /3 > (hrerigglf 01,¢)50-
Taking also Lemma 4.3 and Corollary 4.2 into account, we conclude that for a =
a+e2/3s and s > s,
.. 06(04) — O¢ (g) O¢ (Q) 4/3 /(/)e,aa (557 0[)
bt |~ an an ¢ (wa)

Since liminf_,o 01, > 0 by Lemma 4.1(iii), Claim 5.3 holds by choosing s, large.

> (lim | -C.
7(hr€ri>%1f01,€)so C

Claim 5.4. For each 8 > 0, there exists so > 0 independent of € and a supersolution

W)= | s we | lexp(—80s - 50)) + exp(Bls — (3/2)5)]
0 SI SGSDSO
defined on D x (sg, s¢) such that
_ﬁvw ' W?VIW) - ﬁg[wzwa]s

+ (oeledngele) 4 2fa)  4/3%eee ) TT >0 in D x (s0,50),

(5.1) % =0 on 0D X (80, 8¢),
W(x,s0) > we(x, s0) for z € D,
W(z,sc) > 762/3%W($,86) for z € D,
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where s, = (@ — a)/e*/3.

To show the differential inequality, note that the term involving derivatives in x
vanishes, and that by Claim 5.3 and Corollary 4.2,

1;2 (w2W ) + (06(a)€27306(a) + 0:2(/3) 4/3 w;(:a) W
> W +o(D)W, + 26°W
= (=% +o(1)8 +261)W > 0.
It remains to check the boundary condition on D x {s.}, as the rest follows by

definition. Note that s. — 0o as € — 00, so that exp(—3(sc — s0)) < exp(—B5/2).
We therefore have

Ws('r7 SE) + 62/3 ¢e,a(xva) _ _ﬁ exp(—ﬁ(se - SO)) + Bexp(_536/2)
W({E, se) ¢5(1‘,a) exp(—ﬁ(ss - 30)) + exp(—ﬂse/Q)
which converges to a positive constant S uniformly for z € D. This proves the

claim.
Now, we claim that

(5.2) we <W in D x (0,s.).

+ O(2/3)

By definition, it is easy to see that w. < W in D x [0, so]. That the inequality holds
in D x (sg,s:) is due to the fact that W is a strict positive supersolution of the
linear problem (5.1) with homogeneous Dirichlet boundary condition on D x {so},
and Neumann condition on the remaining boundary portions. Standard maximum

principle applies and shows that the quotient % “’6 is non-negative. (See, e.g. [3,
p- 48].)
Finally, we obtain Lemma 5.1 by combining Claim 5.2 and (5.2). O

Lemma 5.5. Let v, be given by (3.2), then

sup |v(z) — at(z)] = 0.
xz€D

Proof. Given ¢, take § = 1/edy, where ¢; is given by Lemma 3.1.

/:(a — Q)ue(z, o) da

a+d o
/ ue(z, @) da| + / ue(z, @) da
a+d
< 0t (x) + C/ e Lexp(—fB(a—a)/e¥?) da

< Ve+o(1)

where we have used Lemma 4.1(iv) and Lemma 5.1 in the second last inequality.
This proves the lemma. O

[ve(7) — atie ()] =

<4 +(@—-a

Proposition 5.6. 4. — 0, in C(D), where 0, is the unique positive solution of
(2.3). In particular, h, — 0, —m in C(D).



14 KING-YEUNG LAM AND YUAN LOU

Proof. By Remark 3.2 and Lemma 5.5, we deduce that up to a subsequence €; — 0,
both ., and ve/a converges uniformly in D to some g € W2?(D). We claim that
iip is a (strong and therefore classical) solution of (2.3), i.e. for each z(x) € C=(D),

0
(5.3) g/ [toAzz + Go(m — Gg)z] dz — g/ ﬁo—z dx = 0.
D op On
To show (5.3), multiply (3.4) by a test function z(x) and integrate by parts, using
the Neumann boundary condition of v, we obtain

/ [Velgz + e, (M — e, ) 2] dw — / Ue% dx = 0.
D ap On

Then one can pass to the limit to obtain (5.3) by invoking Lemma 5.5. By the lower
estimate in Lemma 3.1, there exists 6; > 0 such that 4g(z) > &; for all x € D.
Hence g is the unique positive solution of (2.3), i.e. @, — 0, in C(D). Since the
limit is independent of subsequences, we deduce that that 4. — 6, as € — 0 (not
just along subsequences €; — 0). This proves the proposition. O

Corollary 5.7. Let o.(«) and ¥e(x,a) be the principal eigenvalue and eigenfunc-
tion of (4.1), and let 0*(a) and ¥*(x, ) be those of (2.4). Then ase — 0, 0. — o*
in C*([a,@)) for all k, and ¥.(-,a) — *(-,a) in C*([a, @); W2P(D)). In particu-
lar,

(5.4) 00, >0y =0"(a) and 01— 0] = 3 (o) > 0.
e

Proof. Since now he — hg = 0, —m in L>(D), the corollary follows from Proposi-
tion B.1(ii). Since hy = 6, —m is non-constant (Lemma 3.4), Proposition B.1(iv)
asserts that o7 > 0. (]

6. CONVERGENCE OF w,

Let w, be given by (4.7), define the normalized version w, = W, (z, s) on D x [0, s¢]

by
~ Jp 02 dz v
We(z,8) 1= W we(z, 5)
so that
(6.1) / / 7 V2 (z, 0+ 3503 (z, s) dsdx = / 02 dx > 0.
D Jo D
Proposition 6.1. (i) [1@ell a1 (Dx(0,5.)) @5 bounded uniformly in e.

(ii) For any B > 0, there exists C1 > 0 such that for all € sufficiently small,
We(x, 8) < Cre Ps

for all0 < s < se. B

(i) Ase— 0, we(x,s) converges locally uniformly in D x [0, +00) to the unique
positive solution of the problem

(6.2) flss + (o — 07s)n =0 O]lorsz(),
: 75(0) = 0 = fi(+00), [oTiPds =1,

where dy = (07)%/3 Ay, with oF given by (5.4) and Ay being the absolute
value of the first negative root of the derivative of the Airy function.
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Since 77(4+00) = 0 and We(z,s) — 0 as s — 400 uniformly in € D, we have in
fact proved the following.

Corollary 6.2. |[wc(z,s) —7(s)|| L~ (Dx(0,5.)) — 0 as e = 0.

Proof. By Lemma 4.3 and the fact that @, is a minimizer of (4.9), we obtain

/ /SE P2 |:a6_2/3|Vzﬂ~)e|2 + | (@e)s|* + (06(0062/(76() +O(e 4/3)> @f] dsdzx
pJo

2/3/ [Yeathed?]’, do < C </ / P dsdx) =C.

Claim 6.3. ’/ [Yeathei?] ", du <c// (|Vote|® + |G o|* + @2) dsda.

To prove Claim 6.3, we apply the Trace Theorem, so that there is C' > 0 inde-
pendent of € such that

We awe ~2] dl‘

<C// (Ve + |We,a|® +07) dsdx

<C'/ / (Ve + |We,al® +@7) dsda,

where we have used ||t a¥el| Lo (Dx (a,a)) < C (Corollary 5.7) for the first inequality,
and Lemma 4.1(iv) for the second inequality.

From Claim 6.3, the normalization (6.1), the estimate in the beginning of the
proof, and the monotonicity of o.(«) in a (Proposition B.1(iv)), we have

(1—062/3)/17/ 2 0231V e + (@) + 7] < c/ / "2 dsda = C.

By Lemma 4.1(iv), we deduce

(6:3) [ [ oo i@+ a2 <c.

which implies our assertion (i). Passing to a subsequence, w.(x, s) converges weakly
in H. (D x [0,00)) to some function 7. of z. Moreover, as [}, [ |Voc|? dsdx <
Ce?/3 it follows that V.7 = 0 a.e..

We outline the rest of the proof of Proposition 6.1. First we will show (iii) except

the normalization condition
(6.4) / i ds = 1.
0

Second, we will show the estimate (ii). Finally we will use (ii) to derive (6.4) from
(6.1), which completes the proof of (iii).

We claim that 7 must satisfy the equation in (6.2). To see this claim, note that
the equation for w, is

(6 5) 0= 2/3 (¢2 D ) - [@[162(71)6)5]5
. 4 (06(016)2/26(Q) + 0:2(/%) _ 64/3 "/)Z(:a) ’(/)521:[}

We argue via the weak formulation.
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Claim 6.4. There exists a constant ag such that for each test function z(s) that is
compactly supported in [0,00),

/ (= 24fls + (a0 — o}s) 7] ds = 0.
0
In particular, 7] satisfies the equation fss+ (ao— o7 s)7 = 0 on (0,00) and 75(0) = 0.

Multiplying (6.5) by a test function z = z(s), and integrating over x € D, we
see that the term involving derivatives in x vanishes (by the Neumann boundary

condition % = 0), and obtain
(6.6)

- T¢ (Ol) — O¢ (Q) Ue(g) we,aa ~
0= —Z/D[wf(we)s}sda:—&—z/D [ 2/ + 2/ — /3 v }w?wsdaj.

Next, integrate the first term of (6.6) over s € [0, 5|, we see that

_A&fLWﬂMLLm@
/Ose/Dzs¢?(@e)sdxd5 {Z/Dd}?(we)sdl"}::o

Se s
= / / Zs"/}? (we)s dxds + 62/3 |:Z/ @be@be,ad}e d.”[::| )
0 D D s=0

where we have used the boundary condition (w.)s = —€2/3¢)¢ o1/ on D x {0, s.}.
Since z(s) has compact support in [0, 00), the boundary term evaluated at s = s,
vanishes, and the remaining boundary term is of order O(€?/3) (since @, is bounded
in H1(D x (0, s.)) by assertion (i), and hence bounded in L?(D x {0}) by the Trace
Theorem). Hence, we have

60 = [ [wRaddeds = [ [ s, deds o),

Also, in the support of z(s), (1) (z,a+€*/3s) — (¢*)?(x, a) uniformly, so we may
use (6.7) to integrate (6.6) over s € [0, s¢] and pass to the limit to get

69 o= ([wreaa) | [Taiast [Cors-asnds

where we have used Corollary 5.7 and that ag is a subsequential limit of —o () /e?/3
(see also Lemma 4.3). This proves Claim 6.4. Next, we claim that

(6.9) / 7* ds < +oo0.
0

Notice that by normalization of w, (see (6.1)), and the uniform (in €) positive up-
per/lower bound of ¥, (Lemma 4.1(iv)), there exists a fixed constant Cy such

that for each M > 0, and for all ¢ > 0 sufficiently small, fOM [pw2deds <

Ose In w2 dxds < Cy. Letting € — 0, fOM n?ds < Cp for all M > 0. ie. (6.9)
holds.

Claim 6.5. 7 is a positive solution that satisfies (6.2) with condition (6.4) being
replaced by (6.9).
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By Claim 6.4, 7 satisfies
(6.10) flss + (@Gp —0718)7 =0, 7§>0 onl0,+00), and 7,(0)=0.

It remains to show that 7(+00) = 0, and that the subsequential limit Gg must
be determined by ag of the proposition. By (6.10) and 7 > 0, 755 > 0 for all s
sufficiently large. Hence 7(+00) exists in [0, +o00]. By (6.9), 77(4+00) = 0.

Hence, 7 is a constant multiple of Airy((c})/3s — Ag), where Ag is the absolute
value of the first negative root of the derivative of the Airy function Airy(x). In
particular the subsequential limit Gy given in (6.8) is uniquely determined by ag =
(07)%/3Ag (i.e. the full limit lim._,0o.(a)/€*/? exists). This shows Claim 6.5. To
finish the proof of (iii) except for (6.4), it remains to establish the following.

Claim 6.6. w.(z,s) — 7(s) locally uniformly in D x [0,00). In particular, for each
M >0, [[We| L (Dx[0,r)) 5 bounded uniformly in e.

It is enough to show that for each M > 0,

SUp,ep We(, 5)

6.11 - — =1 ase 0.

( ) s€[0,M] infzep wE(LL',S)

For, assuming (6.11), one can write

(6.12) We(x, ) = We(wo, $)(1 + de(x,s)) for some zg € D,

where 6(z,s) — 0 in L2, (D x [0,+00)). Now, if we integrate (6.12) over z € D,
then

Wo(s) = / (2, 5) dz = (w0, 5)(1 + 6.(5)),
|D| Jp
where 6c(s) — 0 in L®

% ([0,00)). Since w, is bounded in H'(D x (0,s.)), one
can easily deduce that W.(s) € H}. ((0,+00)) C C}O/f([o, +00)). Therefore, by
Arzela-Ascoli Theorem, W, (s) and hence . (zg, s) converges to 7j(s) in Cioe([0, 00)).
Finally, (6.12) implies that @.(x, s) — 7(s) locally uniformly in D x [0, +00).

It remains to show (6.11) in a similar fashion as in Claim 3.6. Assume to the
contrary that there exists some constant cg > 1, € = ¢ — 0, s — sg < +00, such
that

(6.13) sup we(z, sk) > co inf e (z, sg).
zeD reD

Similarly as before, we extend w, by reflection on D x {0} so that @, is defined on
D x (—se, s¢), and define

we(w,sp + P/ /@) Ja Ja
Wk(x’T) T SUP,/ e p ’IIJE(QJ/, Sk) in D x 7(86 + Sk)ma (SE - Sk)ﬁ .
Recall that s, is defined in (4.6). By the equation (6.5) satisfied by w., Wy, satisfies
—aVe- (V2V W) — (V2 Wi e )~
+1 (o (a+etsite

6.14
619 o) - @ ten ) 2w =0,

B

in D x (—(se + 8k) X7, (8 — sk)e‘{%), where

2 T
€38 + €e——

a=a(r)=a+ /a
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and the boundary conditions

N
Q

(%Wk=0 on 8D><< (se—l—sk)
Wkﬁ:*équ;awk oan{ (s£+sk)

755 (S — sk

i

%)
s a

Since s — +o0 as € — 0 and that s; remains bounded, we see in particular that
the domain of W, tends to D x R as k — oo.

_ Sk)

Claim 6.7. For each M > 0, o, (a+ ske% + e\}) — 0 as € — 0, uniformly for
o
€ [-M, M].

By Lemma 4.1(i), o, are bounded in C*([a, @]) uniformly in e. Hence we may
write

e <a+ ket + e\/Ta)‘ < |oe(a)] + C |3

sk—l—e\;a’

and conclude that o, (g + sped + eﬁ) goes to zero by Lemma 4.3, and bounded-

ness of si, 7. This proves Claim 6.7.

Since the coefficients of (6.14) are bounded in L{ (D x R) uniformly in k, Har-
nack inequality, and the normalization condition sup,cp Wi(x,0) = 1 implies that
W}, are bounded in Lj¥, (D x R) uniformly in k. Hence we may apply elliptic LP es-
timates similarly as in Clalm 3.6 to conclude that a subsequence of Wy, converges in
L% (D x R) to a positive solution of (¢o(z, ) 2V - (V3 (2, @)V W)+ W, =0 in

D x R. (Here we used Claim 6.7.) Now, we apply the following Liouville Theorem,
whose proof is exactly analogous to Proposition C.1 and is skipped.

Proposition 6.8. Let ¢)(z) be a smooth positive function defined in D, then every
positive solution W to =2V, - (?*V, W)+ Wy = 0 in D x R, subject to Neumann
boundary condition on 0D x R, is necessarily a constant.

So that by normalization sup,cp Wi(z,0) = 1, Wi(z,0) — 1 uniformly in D.
This contradicts (6.13) and proves (6.11). This establishes Claim 6.6. Claims 6.6
and 6.5 establish assertion (iii) except for condition (6.4).

Next, we proceed to show the estimate in (ii). By the preceding argument in the
proof of Lemma, 5.1, specifically the construction of supersolution W in Claim 5.4,
we can show that for all § > 0, there exists sg > 0 such that

w(z,s) < sup  we | [exp(=B(s — s0)) +exp(B(s — (3/2)sc))]
x €D
0< SS s0
forz € D and s € [sg, s¢). Then (ii) follows from Claim 6.6, as the expression inside
paranthesis is bounded uniformly in e. We do not repeat the details.

For (iii), it remains to show (6.4). By assertion (ii), and that
(6.15) Vel a+¢*Ps) 5 ¢*(x,0)  and  de(z,s) = i(s)
in L2 (D x [0,00)) (by Lemma 4.1(iv) and Claim 6.6 resp.), we may pass to the

loc
limit in (6.1) to obtain

[ de= [ [T etsaes)dsis - [ @Pwads [T ds
0
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Upon noting that (see Definition 2.2(ii))
(6.16) V' (z,a) =ba(z) inD,
the proof is completed. ([

7. PROOF OF THEOREM 2.3

Proof of Theorem 2.3. First, we note that by Proposition 5.6,

(7.1) 62/3//61/)€w5dsdx:// ue(x,a)dadx:/ ﬁedx—>/ 0, dz
D Jo DJa D D

as € — 0. Furthermore, by (6.15), (6.16) and the estimate of Proposition 6.1(ii),

(7.2) /D/O wewgdsdx—)/Dw*(x,g) dx/oooﬁ(s)dSZ/DQa(x) dx/oooﬁ(s) ds.

By the definition of w, and ., there is a function I'(€) such that
(7.3) we(z, s) = T(e)we(z, s).
By (7.1) and (7.2), we have
s -1
(7.4) lim €2/3T(e) = ( / ﬁds> .
0

e—0

Hence, by (7.3) and Corollary 6.2,

oo, - /) - ( | Ooﬁd8>1 (%)

By the fact that (f;~ ﬁds)fl i(s) = n*(s) where n* is given in Definition 2.2(iii),
we also have

— 0.
Lo ()

[ O
uala-a)/e®) - (22)| oo
€ L>=(9)
Using Lemma 4.1(iv), we have
(7.5) Buc(z,a) — ez, a)n* a—a — 0.
% =)

By the fact that n*(s) < Ce™#* for some C, 8 > 0, (6.15) and (6.16), we have
[0
(76) |(6te0) e (252

And (2.7) follows from (7.5) and (7.6). O

— 0.

Le=(Q)
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APPENDIX A. EXISTENCE RESULTS

In this section we show the existence of positive solution to (2.1). For this
purpose, we fix positive parameters € and @ > «, and denote (in this section only)
the principal eigenvalue and eigenfunction of the following problem by pq1 and ¢;.

Al ¢+ Epoo +m(x)dp+pp =0 in Q:=D x (a, @),
(A1) 2 =0 ondD x (a,a),

$a=0 onDx{a,a}.
Theorem A.1l. If 1 > 0, then the equation (2.1) has no positive steady-state. If
w1 < 0, then the equation (2.1) has at least one positive steady-state.

Proof. First, we prove the non-existence result. Suppose p; > 0 and let w be a
non-negative solution of (2.1). Multiply (2.1) by the principal eigenfunction ¢; of
(A.1), and integrate by parts, we obtain

Ml// ¢%dadm+// ut¢r dadx = 0.
D Ja D Ja

Since pp > 0, both terms are non-negative, and both must be identically zero. i.e.
u=0.

For the existence result, we consider, for 7 € [0, 1], the positive solutions of
(A2) alAu+ e2(W)aa + (m(z) — 70— (1 —T)u)u=0 in D x (a,a),

' 94 =0 ondDx(a,a), (ua=0 inDx{aal.

Here we recall that 4 = ffu(x,a) da. Tt remains to show the following claim,

from which existence of positive solution to (2.1) follows by a standard topological
degree argument, as the existence of a unique, linearly stable positive solution to
(A.2) when 7 = 0 is standard.

Claim A.2. For some § > 0 independent of T € [0,1], any positive solution u of
(A.2) satisfies
o< ||UHL1(Q) < 1/5

For the upper bound, one can integrate (A.2) over €2 to get

&
/ﬁmdx:T/ 112d:v—|—(1—7')// u? dodx
D D DJa
1—-7 2
> 7+ = u dx
a—-a) Jp
Zco/ﬁ2dx
D

2
CO / A > CO :

> adr | = [l ,
D < D (D]

from which the upper bound follows.

For the lower bound, let u = v¢1, where ¢; > 0 is the principal eigenfunction
corresponding to the principal eigenvalue 1 < 0 of (A.1). Moreover, if we normalize
¢1 by fQ @2 = 1, then supg, ¢ and infq ¢; are fixed positive constants independent
of 7, as (A.1) is independent of 7. The equation for v can be written as

{ aVy - (Qb%vacv) + 62( %Ua)a + (b%v(*,ul — Tl — (1 - T)u) =0 inQ,
0

gv on 0D X (o, @), vo=0 on D x{a,a}.
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Hence, if we divide by v and integrate by parts, we have

2 20, |2
/¢1 p1+ 7+ (1 — 7)u) dade = /¢2a|v v|v—2&—e [Vl dodz > 0.

Hence we have

2
(sup ¢1) @)+ (L= el > | 6 dade = —pu > 0.
Q Q

Since p1 and supg ¢1 are independent of 7, we have
—H1
(supg ¢1)*[7(@ — ) + (1 — 7))’
Since the latter term is bounded from below uniformly in 7 € [0, 1], the claim is
proved. O

llullLr @y >

Corollary A.3. If [, m(z)dx > 0, then for any € > 0, (2.1) has at least one
positive solution.

Proof. Divide the equation (A.1) by the principal eigenfunction ¢; and integrate
by parts over €2, we get

// a|V ¢1|2+62‘¢10¢|2d dl""// +/'L1 dadx—o

Hence for all € > 0,

1
1 < —W/ m(z)dr <0,
D

and the existence of positive solution of (2.1) follows from Theorem A.1. O

APPENDIX B. EIGENVALUE PROBLEMS WITH DIFFUSION PARAMETER o AND
WEIGHT FUNCTION h(z)

For each a > 0 and h € L>°(D), let A\; = Ai(a,h) € R and ¢(z) = ¢1(z;a,h)
be the normalized principal eigenvalue and principal eigenfunction of the following
problem.

(B.1) { —algp+hp=Xp in D,

9

$2=0 ondD, [,e*dr=1.

We shall state and prove a number of properties of A\; and 1, and its dependence
on the parameters o and h, some of which is folklore among specialists.

Proposition B.1. (i) For each @ > 0 and h € L>=(D), the problem (B.1) has
a principal eigenvalue N1 which is simple, and the corresponding eigenfunc-
tion gol can be chosen positive and uniquely determined by the constraint

Jpeide=1.
(ii) For each p > 1, the mapping (o, h) — (A1, 1(-)) is smooth from Ry x

L®(D) to Rx WP (D), where WP (D) = {¢ € W2P(D) : 32 =0 on dD}.
(i) If h € L>®(D) is non-constant, then % (c,h) > 0 for all o> 0.
Proof. Part (i) is well-known. See, e.g. [14, Section 8.12]. In particular, the
principal eigenvalue is given by the variational characterization

Vao|? + he?)d
(B.2) M) = o dplVeel TheTdr
peCt (D)\{0} Jpp?dx
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Fix p > N (N being the dimension of D). Consider the following mapping F :
WP (D) x R x Ry x L=(D) — LP(D) x R, given by

Flp, A a,h) = (algp — ho + /\sov/ p?dz — 1),
D
Then for each o > 0 and h € L*°(D), the principal eigenpair (¢1(-; @, h), A1 (c, h))
of (B.1) satisfies
(B3) F(¢1(';aah)7Al(avh)aaa h) = (070)

Assertion (ii) follows from the following claim, in view of the Implicit Function
Theorem and the smooth dependence of the operator F' on « and h.

Claim B.2. For each fized a > 0 and h € L*>(D),
Dy F(o1(-3a,h), M(e, h),a,h) © WP xR — LP(D) xR
is a bijection.
We shall follow the arguments in the proof of [10, Lemma 2.1]. Suppose for some
(®,t) € WP xR, D\ Fp1( 50, h), M(a, h),a,h)[@,t] = (0,0), ie.
0P
(B.4) al,® —h®+ A\ P+tp; =0 inD, and = 0 on dD,
and

(B.5) 2/ by dr =0,
D

where \y = M, h) and ¢1 = ¢(x;a,h). The Fredholm alternative implies that
fD tp?dr = 0, i.e. t = 0. Hence ® = cp; for some constant ¢ (as A\ = A (a, h)
is a simple eigenvalue). But then (B.5) implies that ¢ = 0. This shows that the
kernel of D, x)F'(p1(-;,h), Ai(a, h),a, h) is trivial. Now let (f,q) € LP(D) x R
be given, we need to solve for (®,¢) in

0D
(B.6) al,® —h®+ NP+t =f inD, and = 0 ondD,
and
(B.7) 2/ b, dx = q.
D

Set t = ([}, ferdx)/ ([, T dx), then [, (f—te1)er da = 0, so (B.6) has solution of
the form ® = sp;+®+ where &+ € Wffp(D) is unique and satisfies [, ®¢1 dz = 0.
Finally, if we set s = q/(2 [, ¢% dx) then (®,¢) solves (B.6) and (B.7). This proves
Claim B.2, which implies assertion (ii).

For (iii), we differentiate (B.1) with respect to «,
{ —aAI% + h% — /\1% =Azp1 + %’\Ojnpl in D,

%%:O on 8D, and fD%goldx:O.

(B.8)

Multiply (B.8) by ¢1 and integrate by parts, we have % Jpeide = [ |Vapi|? da.
Since h(z) is non-constant in x, ¢1 = ¢1(-;a,h) is non-constant in = and this
implies that % > 0. This proves (iii). O

First, we show that A; and ¢ are continuous with respect to the weak topology
of Ry x Np>1LP(D).
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Lemma B.3. Let Aj(«a,h) and ¢1(-;a, h) be the principal eigenpair of (B.1).
(i) For each p > 1, there exists C = C{(p, M, o, @, D) such that
A1 (e, )|+ [lpa( '§047h)HW2,p(D) <Gy
provided o € [a, @] and ||k e py < M.
(i) If aj — o € [a, @), SUp; >0 Rl oDy < 400 and hy — ho in LP(D) for
all p > 1, then as j — o0, Ai(aj,h;) = Ai(ag, ho) and ¢1(-;a5,h;) —
©1( -0, ho) weakly in W2P(D) for all p > 1.
Proof. By (B.2), A1 := A1(a, h) forms a bounded sequence in [—||h| o (py, [|2]| Lo (D)]-
The L? estimate (for p > N) applied to (B.1) and interpolation inequality together
imply
1
le1llwerpy < ClletllLey < 5lle1llwze ) + Cllerllrz oy,
where C'is a generic constant, depending on ||A| = (p), @, @ and the domain D that
changes from line to line. This proves (i).

For (ii), let o; — ap € [, @] and h; be a uniformly bounded sequence in L>°(D)
and h; — hg weakly in LP(D). Denote A1 ; = Ai(ayj, h;) and @1 = o1(-; 05, hy).
By assertion (i), there are subsequences A; j; and ¢ j such that A\i(aj, hj) = A
and @1(-;aj,h;) — @ weakly in WP(D), for some A € R and ¢ € W2P(D). Take
a = aj, h=hj in (B.1), and pass to the weak limit j° — oo, we deduce

Ay +hop = Ap  in D,
% =0 ondD, [,¢*dr=1.

Hence (@, A) is an eigenpair of (B.1) when o = ag, h = hg and such that ¢ > 0.
Moreover, ¢ is non-trivial, as [ D @?dx = 1. By uniqueness of principal eigenpair,
it follows that A = Ao, ho) and @ = @1(-; @, ho). Since the limit is indepen-
dent of subsequence, we deduce that the full sequence A;(a;,h;) = A(ao, ho) and
o1(;aj,hj) = o1(+; o, ho) weakly in W2P(D). This proves the assertion (ii). O

Next, we show the following uniform estimate of (D, ) F)~*.

Lemma B.4. There exists Cy = Co(M,a, @, D) such that for any a € [a, @] and
1hllLe(py < M, if

D(¢7A)F(§01( T Q; h)’ )‘1(&7 h)a Q, h)[q)a t] = (fa Q)a
i.e. (B.6) and (B.7) hold with Ay = A a, h) and p1 = ¢1(x;a, h), then
(B.9) tl+ [ @llw2r 0y < Callgl + 1 fllLr (D))

Proof. Let M > 0 be given. Suppose to the contrary that there are o; € [, @), hj,
(I)]7 tj? qj, f] such that

(B.10) sup|lhjllzepy < M, |t + ([ ®)llw2ep) = 00, lgil + [ fillep) < 1.
J
Without loss of generality, we may assume a; — o € [a, @] and for some hy €
L>(D), hj — ho weakly in L?(D). Denote
)‘Lj :Al(aj,hj)v and ©1,5 :gol(o;aj,hj) fOI‘j GNU{O}

The above arguments ensure that

D; Z‘I’fﬂLCIj/(?/D@%,j dr)ypr;, and t; Z/ij%,j dx//DW?,j dz
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where ®- is the unique solution of (B.6) subject to the constraint [, ® ¢y ; dz = 0.
By the normalization fD <p%j dx =1, we have

4

(B.11) P =d + 5

V1,5 and t]‘ :/ ijDLj dx.

D
Since we have shown that |1 ;| and [¢1 ;||w2r(p) remain bounded uniformly in
j, (B.10) and (B.11) imply that [|®F|lw2»py — oo. Apply LP estimate to the
equation of @j, which is

(B.12) ;D ®F — h®5 + A1 @5 = f; — ([ fiprsdw)pr;  in D,
. i
9% — on D, and [, ®F¢1;de=0.

on

Using the boundedness of ¢ ; in W2P(D) and hence in L>(D), we have

||(bj_||W2,P(D) S C |:|®j_||LP(D) + ||fj - (/D ijDl)j dx) ¢17ij(D):|
< C(I1®5 [l (o) + I fillLr(p))-

Hence we must have ||®"||p~(p) — 0o as j — co. Define D = O3 /(195 | L (),
then ®; satisfies

9% _ () on oD, [, Bjpy;dr =0, and supp®; =1,

on

{ O[jAzi)j — hj&)j + )\1’]'&)]‘ = .fj in .D,

where f; = [f; — (fp fiers dx)¢17j]/||¢j-||Lx(D) converges to zero in LP(D) as
j — oo. By LP estimates, ®; is bounded uniformly in W2P(D). Hence, there is
a subsequence @, that converges, weakly in W2P(D) and strongly in C'(D), to

some function . By normalization supp Py = lim (supD Ci)]) = 1. Moreover,
dg satisfies (using Lemma B.3(ii))

OéQAI(i)Q - ho‘i)o + )\1(0[0, ho)(i)o =0 inD,

% =0 ondD, and [, o1 0dz = 0.
Since @ is non-negative, Proposition B.1(i) implies ® = ¢y (-0, ho) = cp1.0
but the integral constraint implies that ¢ = 0. i.e. ®¢9 = 0. This is a contradiction
to supp ®o = 1. This proves (B.9). O
Proposition B.5. Let A\i(a, h) and p1(-;a, h) be the principal eigenpair of (B.1).

(i) For each k, there exists C}, = C},(M, o, @, D) such that

k

(B.13) >

Jj=0

a—j)\(ah)—k ﬁ (-50,h) <
80zj ! ’ 80&j801 T W2,p(D)7 k

provided o € [a, @] and ||| p) < M.
(ii) If sup,sg [|hjllL(p) < +00 and hj — ho in LP(D) for all p > 1, then for
each k >0,
ak ak

W)\l(',hj) — W)\l(.’ho) in Cloc([0,00))  as j — oo.
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Moreover, given k >0, p > 1, and sequence a; — g > 0,

oF oF ) )
W(pl( o, hy) = W%( oo, ho)  weakly in WP(D) as j — oo.

Proof. Assertions (i) and (ii) for the case k = 0 are exactly Lemma B.3. We first
prove assertion (i) for k = 1, differentiate the relation (B.3) with respect to «,

7] 0
(B14) D(¢,A)F £§01(';a,h),£)\1(01,h) = 7DaF7

where the partial derivatives of F' are evaluated at (o1(-;, h), A\ (o, h), o, h). By
(B.2), we may write

(©1: M) = (D)) F) H=DaF] = (Do) F) " (= Az1,0)
and deduce by Lemma B.4 that
N+ Do w2r(p) < CallAwerllLr ) < Callprllwzr(py < C.

i.e. assertion (i) holds for k = 1. We argue inductively for k£ > 1. Suppose (i) holds
for k = K — 1. We can write

aK aK
(B15) D(%/\)F [ngl( R h), WAl(a, h):| = SK(Oz, h)
where
9K—1 K-1 K PL oK~k
k=1

By the form of §x, we can deduce the following result.

. K—1 k k
Claim B.6. |3k (a,h)|1~(p) < C K <]§MA1] + \ aacvk@lHWz,p(D>>'

By the induction assumption (i.e. (i) holds for k = K —1) we have ||§k | rr(p) <

C(M,a,@, D). Hence we may apply Claim B.4 to (B.15) to conclude the assertion
i) for the case K. This induction argument proves (i).

By Lemma B.3(ii), it remains to prove assertion (ii) for case k > 1. Let a; —
o € [, @] and h; be a uniformly bounded sequence in L*°(D) and h; — hy weakly
in LP(D). Denote A1 ; = A (aj, hj) and @1 = @1(-; 5, hj). By assertion (i), there
are subsequences A1 j» and i j» such that for all £ > 0, %Al(aj/, hj) — A\x and
%@1( s hy) — @, weakly in W2P(D), for some A, € R and @5, € W2P(D).
Passing to the limit in (B.14), we deduce that

(B.17) Dy F [@1}1} — _D,F,

where the partial derivatives of F' are evaluated at (¢1( - ; o, o), A1 (a0, ho), g, ho)-
Since we also have

0 0
(B18) D(go,)\)F |:aoé§01( +5 Qo h0)7 %Al ((XOa ho):| = _DaF7
where the partial derivatives of F' are evaluated at (p1( - ; o, ho), A1 (e, ko), o, ho),

we may invert D, »)F" in both (B.17) and (B.18), and conclude that

.0 5= 2
P = %Qﬁl(';ao’ho) and )\1 - %Al(a(%ho)'



26 KING-YEUNG LAM AND YUAN LOU

Since the limit is determined independent of the subsequence, we conclude assertion
(ii) for the case k = 1.

Again, we may argue inductively for £k > 1. Suppose (ii) is proved for k =
1,..., K — 1. The following can be easily observed from (B.16).

Claim B.7. If assertion (i) holds for k=1,..., K — 1, then
Sk (v, hj) = Tk (ao, ho)
weakly in LP (D), where §x is defined in (B.16).

Based on Claim B.7, and the assertion (ii) for the cases k = 1,..., K — 1, we may
pass to the limit in (B.15). Together with the uniform boundedness of [D(, ) F] ™!

LP(D) — W2?(D) (Lemma B.4), this implies 27 A1 (cj, hj) = 227 A1 (o, ho) and

oK :
9ok P10, hy) = @1(5 00, ho) in W2P(D).
Thus assertion (ii) follows by induction on k. O

APPENDIX C. LIOUVILLE THEOREM FOR POSITIVE HARMONIC FUNCTIONS IN
CYLINDER DOMAIN

We give a proof of the Liouville-type theorem for positive harmonic functions in
cylinder domains, since we cannot locate a proper reference for this result.

Proposition C.1. Let k € N, D be a bounded smooth domain in RY and u be
a non-negative harmonic function on Q = D x R¥ ¢ RNtk o that g—z =0 on
OD x R*. Then u is necessarily a constant.

Proof. Let x € D, y € R* and let u(z,y) be a non-negative harmonic function on
Q = D xR*, subject to Neumann boundary condition on 9D x R*. By subtracting
a positive constant from u, we may assume that info u = 0.

Harnack inequality says that there is a constant C' > 1 such that for all 3y’ € R¥,
we have

sup u<C U.

in
zeD,|ly—y'|<2 z€D,|ly—y’'|<2

Define v(y) = ﬁ [ u(z’,y) dy, then v is a harmonic function on R* and must

be equal to a non-negative constant vy. Hence for each 3’ € Rk, there exists 2/ € D
such that u(z’,y’) = vo. It follows that for each ¢y’ € R¥,

v < C inf u(z,y).
z€D,|y—y’|<2 (.9)

Taking infimum in ¢’ € R¥, it follows that from infou = 0 that vy = 0. Hence,
51 [ e de = v() = v =0
— | wu(z,y)dr =v(y) = vy =
|D| Jp

for all y € R*. i.e. uw =0 in Q. (]
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