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Abstract We study the dynamics of a consumer-resource reaction-diffusion
model, proposed recently by Zhang et al (2017), in both homogeneous and
heterogeneous environments. For homogeneous environments we establish the
global stability of constant steady states. For heterogeneous environments we
study the existence and stability of positive steady states and the persistence
of time-dependent solutions. Our results illustrate that for heterogeneous en-
vironments there are some parameter regions in which the resources are only
partially limited in space, a unique feature which does not occur in homoge-
neous environments. Such difference between homogeneous and heterogeneous
environments seems to be closely connected with a recent finding by Zhang
et al (2017), which says that in consumer-resource models, homogeneously
distributed resources could support higher population abundance than het-
erogeneously distributed resources. This is opposite to the prediction by Lou
(2006) for logistic-type models. For both small and high yield rates, we also
show that when a consumer exists in a region with a heterogeneously dis-
tributed input of exploitable renewed limiting resources, the total population
abundance at equilibrium can reach a greater abundance when it diffuses than
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when it does not. In contrast, such phenomenon may fail for intermediate yield
rates.
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1 Introduction

Population abundance, or biomass of populations, is often the critical factor
in deciding management strategies for the protection of endangered species
and the control of exotic invasive species. For homogeneous environments in
which the resources are evenly distributed in space, the total population of
a single population is usually determined by the carrying capacity. However,
when the environment is spatially varying across the habitat, the connection
between biomass and carrying capacity may potentially be complicated, partly
due to different movement behaviors of organisms. This issue has been largely
addressed in theoretical studies, in both discrete and continuous spatial mod-
els. For a two-patch system of a single population with logistic growth,it was
shown by Freedman and Waltman (1977) and Holt (1985) that for high move-
ment rates, the total biomass of population at equilibrium could exceed the
sum of the carrying capacities of the two patches. See also a recent thorough
study of the two-patch system by Arditi et al (2015).

The continuous model for a single population with logistic growth and
diffusion is studied by DeAngelis et al (2016b), in which it is assumed that
both intrinsic growth rate and carrying capacity vary spatially. DeAngelis et
al. showed that if the growth rate is positively correlated with the carrying
capacity, then the total population at equilibrium could exceed the total carry-
ing capacity. This extended the results of Lou (2006), where the growth rate is
assumed to be proportional to the carrying capacity. The total population of a
single species model also plays an important role in determining the interesting
dynamics of models of two competing species which diffuse in heterogeneous
environments, e.g., it could occur that without diffusion two competing species
will coexist at any location, but with diffusion one competitor can wipe out the
other at every location. We refer interested readers to (Cantrell and Cosner,
1991, 1998; Hastings, 1983; He and Ni, 2013a,b, 2016a,b, 2017; Lam and Ni,
2012; Lou, 2006) and references therein for further details.

In contrast to these theoretical developments, empirical works in validating
the theoretical predictions are lacking until the recent works of Zhang et al
(2015) and of DeAngelis et al (2016a). In their experimental studies Zhang
et al (2015) measured the growth of the duckweed in a five-patch system
with different nutrient levels, by manually moving a portion of the duckweed
between the adjacent patches in a fixed time period. Their experimental results
showed that the total population of the duckweed is higher than the total
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carrying capacity of the system and it is peaked at a relatively low diffusion (or
mixing) rate, in agreement with the theoretical predictions from both discrete
and continuous spatial models.

The experimental work of Zhang et al (2015) mimicked the classical logistic
model with diffusion, in which carrying capacity is held to be spatially varying
but temporally constant. Such considerations neglected several important fac-
tors, one of which is the feedback of resources from exploitations by consumers.
To remedy such restrictions, Zhang et al (2017) first experimentally tested sev-
eral hypotheses suggested previously by the logistic model, and then, based on
their experiments, extended the logistic models to consumer-resource reaction-
diffusion models to include exploitable renewed resources. Their experiments
also confirmed that spatial diffusion will increase the total population in het-
erogeneous environments, as predicted by logistic models. Surprisingly, their
experimental results also showed that homogeneously distributed resources
actually supported higher population abundance than heterogeneously dis-
tributed resources, which is opposite to the prediction from logistic models. In
Appendix E of the supplementary materials in (Zhang et al, 2017), a mathe-
matical proof of this fact was given under some suitable assumptions. In this
paper we will analytically study the dynamics of a consumer-resource model
proposed by Zhang et al (2017).

The paper is organized as follows: In Section 2 we will introduce the math-
ematical model and discuss our main results. In Section 3 we study the per-
sistence of consumer and resource populations in heterogeneous environments
and establish the existence of a positive steady state. The linear stability of
the positive steady state is investigated in Section 4. Section 5 is devoted to
studying the dynamics of the model in homogeneous environments, in which
we show that the constant positive steady state is unique and globally asymp-
totically stable. In Section 6 we study some qualitative properties of the unique
positive steady state determined in Section 3 and investigate two hypotheses
raised by Zhang et al (2017). We conclude with discussions in Section 7.

2 Mathematical model and main results

Consider the following consumer-resource model derived, based on the exper-
iments, by Zhang et al (2017) (see Model I therein)

Zy=dAZ + 7 (T(I)N - g(x)Z) forz € 2,t >0,

k+N
N, = Ng(z) — ;E?ﬁf) for x € 2, >0, (1)
OnZ =0 for x € 042,t > 0,

Z(x,0) = Zo(x), N(z,0) = Np(x) for z € £2.

Here Z(x,t) and N(x,t) are the densities of consumer and resource popu-

lations at location = and time ¢, respectively. d is the diffusion rate of the
2

consumer, A = Eiﬁl% is the usual Laplace operator, r(z) is the growth rate
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of the consumer under unlimited resources, k is the half saturation rate, g(x)
is the loss rate due to self regulation of the consumer population, Ng(x) is
the resource input, and ~ is the yield rate (measured as individuals per unit
resources).

Throughout this paper we assume that d, k and = are positive constants,
and 7(z), g(x) and Ng(z) are positive, Hélder continuous functions in 2 =
2U 082, where {2 is a bounded domain in Euclidean space RY, with smooth
boundary 0f2. n(z) is the outward unit normal vector at z € 942, and 9,7 :=
n - VZ. The zero Neumann boundary condition for Z means that there is no
flux of consumer population across the boundary. We assume that Z, and N
are non-negative, not identically zero and continuous in 2.

Our first observation is that for solutions of (1), it may occur that N(z,t) —
o0 as t — 00, i.e. the resources become unlimited in space. Accordingly, set

Z(z,t) N(z,t)
t) = —~2  M(z,t) = ————
Uant) = 220 M) = s
then we obtain the equivalent system
U, =dAU + U (rM — ~gU) for x € £2,t > 0,
kEM; = (1 — M)?>(Ng —rMU) for z € 2, > 0, )
0, U =0 for x € 902,t > 0,

U(z,0) =Up(z), M(z,0) = My(z) for z € {2.

Here Uy = Zo/’}/ and Mg = No/(k + No) satisfy Uy > 0, Uy £ 0, My > 0,
My #£ 0, and My < 1 in £2. Our first result settles the homogeneous case.

Theorem 1 Suppose that r(z), Nr(x) and g(z) are positive constant func-
tions, denoted by 7, Ng and g, respectively. Then the positive constant steady

state of (2), given by
min {1, m} . <T 1>

7

is globally asymptotically stable among all solutions of (2) with initial data
(Uo, My) satisfying

Uo(z) >0, Mo(z) >0, Up(z) £ 0, Mo(z) Z0 and My(z) <1 for all z € 2.
3)

That is, the following statements hold:

72 7 ; : .
(a) If v > e then (ﬁ’ 1) 1s globally asymptotically stable;

(b) If y < E?FN?R; then ( %, ”fNR> is globally asymptotically stable.

Theorem 1 fully determines the dynamics of system (1) in the homogeneous
case. Namely, if the yield rate is greater than or equal to some critical value,
part (a) implies that the resource density will grow to infinity in 2 as t — oo,
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which we refer as the case of unlimited resources; in contrast, part (b) illustrates
that if the yield rate is smaller than the critical value, the resource density
will remain bounded in {2 as t — oo, i.e. the resources are limited uniformly
in space. In other words, for homogeneous environments the resources are
either unlimited across the habitat or limited everywhere. We shall see that
the situation will be more complicated for heterogeneous environments.

We now consider system (2) with general positive r(z), Nr(z) and g(z),
for which (U, M) = (0, 1) is always a non-negative steady state. We focus on
positive steady states (U, M) of (2) that satisfy U > 0 and 0 < M < 1 in £2.
Note that (%9, 1) is always a positive steady state of (2), where § = 0(z) is

the unique positive solution of the scalar problem

dAG + 0 [r(z) — g(x)8] =0 for x € 2, (@)
0,0 =0 for z € 012.

(It is a standard fact that the above equation has a unique positive solution;
see e.g. Propositions 3.2 and 3.3 of (Cantrell and Cosner, 2003).) A natu-
ral question is whether system (2) has any positive steady state other than

(%9, 1). This is addressed in the next result.

Theorem 2 Suppose that r(x), Nr(z) and g(x) are positive and Hélder con-
tinuous in (2.

(a) If v > sup,cq T](\f;?g), then (%9,1) is globally asymptotically stable. In

particular, (%9, 1) is the only positive steady state of (2);

(b) If v < sup,eq 7%;?;”5) , then (2) has at least one additional positive steady

state, denoted by (u*,m*), satisfying u* >0, 0 <m* <1 and m* £ 1 in
2. Moreover, u* is the unique positive solution of

N,
dAu* + u* [r min {ru}i’ 1} - ’ygu*} =01in 2, Oyu'lon =0, (5)

and m* is given by m* = min { Mg 11,
U

(¢) The positive steady state (u*,m*) is linearly stable whenever it exists.

A natural question is whether (u*,m*), if it exists, is unique. It turns out
that, due to the degeneracy of the second equation of (2) when M = 1, the
system can admit infinitely many steady states in general. In view of the linear
stability result of part (c), we conjecture that the steady state (u*, m*) given
by part (b) is globally asymptotically stable among all solutions of (2) with
initial data (Up, My) satisfying (3). See Remark 1 for additional discussion.

By a priori estimates inf g <6 <supg g, which follows readily from the
maximum principle, we have the following more explicit result:

Corollary 1 Suppose that v(z), Nr(z) and g(z) are positive and Hélder con-
tinuous in §2.
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(a) If v > supg NLR - supg, g, then <%97 1) 1s globally asymptotically stable.

(b) Ify <supg w7 -info ¢, then (2) has at least one additional positive steady
state, denoted by (u*,m*), satisfying u* >0, 0 <m* <1 and m* #Z 1 in

2. Furthermore, u* can be determined by (5).

Next we proceed to discuss qualitative properties of positive steady state
(u*,m*) and illustrate some differences between heterogeneous and homo-
geneous cases. We write the unique positive solution of (5) as u*(z,7) to
stress its dependence on ~y. Since u*(z,7) is strictly decreasing in 7, i.e.
u*(x,71) < u*(x,72) in 2 if v > 79, the following concise result is a con-
sequence of Theorem 2.

Corollary 2 For any d > 0, there exist two positive constants v.(d) and v*(d)
satisfying

o) () 5200 =00 () ops)

and that:
(a) If 0 <7 < 7.(d), then m* < 1 in £2;
(b) If v (d) < v < v*(d), both sets {x € 2 :m*(x) =1} and {z € 2 : m*(z) <
1} are non-empty;
(c) If v > ~v*(d), then m* =1 in 2.

The proof of Corollary 2 is given at the end of Section 3. Cases (a) and
(c) correspond to the cases of limited and unlimited resources, respectively,
which is similar to the homogeneous case. However, for the homogeneous case
v« = v* = 72/(gNRg) holds, thus case (b) is null for the homogeneous case.
For the heterogeneous case, i.e. r(z), Ng(z) and g(z) are non-constant func-
tions, it holds generally that . < +*, and case (b) implies that the resources
are unlimited in some locations but limited elsewhere. Such scenario can be
regarded as resources partially limited in space, which is a unique feature for
heterogeneous environments. This will be further elaborated in Section 6.

Three hypotheses were proposed and tested by Zhang et al (2017) both
mathematically and experimentally, of which two can be stated as follows:

Hypothesis A: When a consumer exists in a region with a heterogeneously dis-
tributed input of exploitable renewed limiting resources, the total population
abundance at equilibrium can reach a greater abundance when it diffuses than
when it does not.

Hypothesis B: A consumer diffusing in a region with a heterogeneously dis-
tributed input of exploitable renewed limiting resources can have greater total
population abundance at equilibrium than a population diffusing in a space
with the same total amount of resources distributed homogeneously.

For logistics models of single populations, it was previously shown by Lou
(2006) that both hypotheses hold when the intrinsic growth rate and the car-
rying capacity are proportional to each other. The situation becomes more
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complicated otherwise, as is shown by DeAngelis et al (2016b). One of the
main findings by Zhang et al (2017), exzperimentally as well as mathematically
for the consumer-resource model and its discrete counterpart, is that Hypoth-
esis B is false when the diffusion rate is small.

In Section 6 we study some qualitative properties of steady state u* of
(5) under the additional assumption that ¢ = 1. Our main findings are: (i)
both Hypotheses A and B hold when the resources are unlimited everywhere
in space (large «y); (ii) when the resources are limited everywhere in space,
Hypothesis A holds but Hypothesis B fails (small +); (iii) when the resources
are partially limited in space, both Hypotheses A and B may fail (intermediate

7).

3 Persistence and existence of positive steady states

In this section we study positive steady states of (2) and the persistence of
time-dependent solutions of (2). Part (a) of Theorem 1 and parts (a) and (b)
of Theorem 2 follow directly from the following result:

Theorem 3 Suppose that r(x), Nr(z) and g(x) are positive and Hélder con-
tinuous in 2.

(a) Supposey > sup,cp Tj(\ﬁfzg), then (%0, 1) 18 globally asymptotically stable;

(b) Suppose v < sup,cq, %, then

(i) the steady state (%9, 1) is weakly repelling, i.e. there is mo solution

(U, M) of (2) with initial data satisfying (3) such that (U, M) — (%0, 1)
ast — +00;

(ii) system (2) has at least one additional positive steady state, denoted by
(u*, m*), satisfyingu* > 0,0 < m* <1 and m* # 1 in 2. Furthermore,

*

u* is the unique positive solution of

N
dAu* 4+ u* {r min { R
r

u*’

1} fygu*} =0in 2, Oyu'lon =0;

* g : * i Nk
and m* is given by m* = mm{m* , 1}.

Remark 1 (i) Here we adopt the notion of weak repeller with respect to the
set of initial data satisfying (3) from Definition 8.15 of (Smith and Thieme,
2011).

(ii) The linear stability of the steady state (u*, m*) given in Theorem 3(b)(ii)
will be established in Section 4, here we conjecture that the steady state
(u*,m*) is actually globally asymptotically stable with respect to all initial
conditions satisfying (3).
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(iii) If we relax the initial condition (ug, mg) of (2) so that for some open subset
Qo of Q,

up(z) >0, mo(z) >0, ug(x) £ 0,
mo(x) <1 for z € 2y and mo(z) =1 for z € 2\ o,

then we conjecture that the corresponding solution (U(-,t), M(-,t)) —
(ufy,,mp,) as t — oo, where the latter are determined by

dAugy, +up, [rmp, —vgup,] =0 in 2, dufy lae = 0;

in { Ne@) 1} €0
m’bo<x>:{mln{’“%o<m>’ v,

1 {EEQ\Q(),

whenever (6/v,1) is unstable. Note that my, (z) may potentially be dis-
continuous.

(iv) Concerning the domain of attraction of the steady state (u*,m*) given
in Theorem 1(b), we conjecture that lim; ,oo (U(-,t), M(-,t)) = (u*,m*),
provided that {z € 2: mo(z) =1} C {z € 2: m*(z) = 1}.

(v) The above discussion also explains the connection with the case when mgy =
1, in which case it must hold that U(x,t) — %H(x) as t — oo.

Before we prove Theorem 3, we first state and prove lemmas:

Lemma 1 Let V(x,t) be twice continuously differentiable in x and continu-
ously differentiable in t and satisfies

‘/t_aijva:iwj _ijwj Zf(l‘,t,V) forxegatzt()a
0,V >0 forx € 90, t > ty,
infoen V(z,tg) > —o0,

where the coefficients a;;(x,t) and b;(x,t) are assumed to be Hélder continu-
ous, with (a;;) being uniformly positive-definite on 2 x [ty,o0), and the Ein-
stein convention is used so that repeated indices are summed. Assume also that
fx,t,8) is Holder continuous in x and t and Lipschitz continuous in s, and
there exist n,6 > 0 such that

f(m,t,s)zliﬁ forx e 2, t>to, andsgliﬂ. (7)
Then there exists T > to such that
V(gc,t)>1—+t forxe 2, t>T.
Proof We claim that it is enough to show that
inf V(z,T) > 0 for some T > ty. (8)
zeN 1+T
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Suppose that (8) holds. Using li—s-t as a comparison function, by standard
arguments involving the strong maximum principle, we have

5 _
V(I’,t)>m fOI‘I’GQ,t>T.

In particular, the lemma is proved in case mfwe o V(z,to) > 7 ft

Suppose now that inf,co V(z,ty) < then there exists T > tg such

1+t J
that
1+T 0
inf V(xz,t 1 = .
Inf,V(@,to) +n °g<1+t0> 1+T
Define the auxiliary function
1+t

V) = in?2 V(z,to) +nlog ( > for to <t < T.
S

1+
Claim V has the following properties in tg <t < T, i.e.

(1) Vy—aijVy, — bV, <f(z,t,V) for z € 2 and t € [to, T];
(ii) O V—OformE@Qandt0<t<T
(i) V(to) < V(x,tg) for = € £2.

It suffices to verify the differential inequality (i) as assertions (ii) and (iii)

clearly hold. For (i), observe that V (¢) < 1it for all ¢ € [to, T]. Hence, by (7)

Vv, - al-jzzﬂj -bV, = /. < fla,t,V(t)) forze 2, 0<t<T.

This proves the claim.

By the above claim, we may apply the parabolic maximum principle to
conclude that V(x,t) > V(¢) for all € £2 and ¢ty < ¢t < T. In particular, (8)
holds.

Corollary 3 Let f(t,s) be a Lipschitz continuous function from [tg, +00) x R
to R, and §,n > 0 are given such that

)
f(t,s)zliﬂ fort>t0ands<1—+t

If V(t) € CV([to, +00)) satisfies the differential inequality
V!> f(t, V)  for t >t

then there exists T >ty such that

- )
V(t)>1+t fort>T

Lemma 2 Let (U, M) be a solution of (2) with initial data (Uy, My) satisfying
(3). Then
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(a) For each time-dependent solution of (2), there exists C1 > 0 such that

C _
M(z,t) <1-— ! forxz € {2 and t > 0.

1+¢
(b) There exist Ty > 0 and 0 < §; < 1, depending on initial data, such that
Uz, t) < l9(90) P fort>T
Ty 1+t =r

Proof First, we prove (a). Fix a non-negative, non-trivial initial data (Uo, Mo)
such that My < 1 for z € {2 and consider the corresponding time-dependent
solution of (2). Let C; = min {infg(l — Mpy) ¢}

> sup, Nr

It suffices to observe, by the equation of M, that

E(5) < G

so that
1 1 (supNR)t<1+t

<
1—M(z,t) = 1 — My(z) k - O
This proves (a).

For (b), setting w(x,t) := ’YIJG((QZ)t)’ we have

wtfdAwad%e~Vw§g9w[—infxgg<;—9)%Jrlfw} €, t>0,

Opw =0 x €I t>0,
w(z,0) = yUp(z)/0(x) x € L.
9)
Now, observe that Vi (z,t) := 1 — w(z, t) satisfies
(Vl)t —dAV; — Qd%e Vv > fl(x,t, Vl) for z € .Q,t >0, (10)

where

fiz,t,s) = g(2)0(z)(1 - s) {felg (;e) 16;1:5 - 8] '

Moreover, letting

1 . i r Ci (. L. T
o= gmin{r.cimg () =G (ago0) (1, 5).

it holds that

Filatis) 2 gl 0= | (2) 15 o 2 {2

z€ \ go 1+t 1+t

fortZOandsgl‘s—ﬁt.
By Lemma 1, there exists 77 > 0 such that

0
1+t

Vi(z,t) > for z € 2, t>1T.

This proves (b).
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Next, we prove Theorem 3.

Proof We first prove (a). Suppose ¥ > sup,c Tﬁgfg), i.e. Ng(z) > %r(z)@(x)
in 2. Recall that M < 1, then

1 _
EM; = (1 — M)*(Ng —rMU) > (1 — M)?*r (79—U>, forx € £2, t > 0.

By Lemma 2, we deduce that M(z,t) < 1 for t > 0, and M;(x,t) > 0 for
x € 2 and ¢t > Ty. This implies that meo(z) := lim_ oo M(x,t) exists and
satisfies moo(z) < 1 for all x € £2.

It remains to show that m (z) = 1. Suppose to the contrary that me (z) <
1 somewhere. Next, let pu1 be the principal eigenvalue of

dAp +rmecp+pp =0 in 2, and Jpp=0 on I

Define w = 0 when p; > 0; and when p; < 0, define w to be the unique
positive solution of

{dAw + W(rmee — gw) =0 in 2, (12)

Op,w =0 on Of2.

Then, when pu; <0, %uﬁ is the unique positive solution of

() () ()]

In either case, lim;_,o, U(z,t) = %uﬁ(m) uniformly for = € (2. Since mq, < 1,#

1, we may deduce by comparison that @ < # in £2. Now, choose §’,7" so that
1 _

Uz, t) < —(z)+6" < gﬁ(x) —¢ forallze 2, t>T.

Then

1 kM, 1 ,
= = — > —0 — >
kO, (I—M) A=) Ng TMU_T<,79 U(a:,t)) >rd

for all x € 2 and ¢t > T’. This implies that me(z) = lim;_ 0 M(z,t) = 1,
which is a contradiction. This proves (a).

Next, we prove (b)(i). Suppose to the contrary that there is some time-
dependent solution (U(z,t), M(x,t)) of (2), with non-negative, non-trivial
initial data (Up, Mp) such that My < 1 for z € 2, which is attracted to

(%9, 1) as t — o0o. By the hypothesis, there exists xg € {2 such that Ng(zo) <
%r(xo)H(mo). Fix & = g, then for all sufficiently large ¢,

k‘Mt(l‘o, t) = (1 — M(l‘o, t))2 [NR(CL‘()) — T(Io)M(Jﬁm t)U(.’l?o, t)]

= (1= M(x0,1))* | Nr(wo) = r(z0)M (w0, 1) (26(z0) + o(1))
<0,
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rendering it impossible that M (xg,t) — 1 as t — oco. This proves (b)(i).
To show assertion (b)(ii), let (fi1,»1) be the principal eigenpair of

dA+rp+ =0 inf2, and 0J,9=0 on 92

AG = = 12
| (Vgl' H) dz < 0.
Q ¥1 n Y1

Now, for 0 < e < 1, e1 and %0 gives a pair of strict lower and upper solutions
of

Then

ra(z)

S [ Nr(z) i —
dAu+u [r mln{ ,1} *ygu} 0 for x € £2, (13)
O, =0 for xz € 0f2.

T](\f;?g) to ensure that %9 isa

strict upper solution. This proves the existence of at least one positive solution
u* to (13) such that u*(z) < %9(.%‘) in 2. The uniqueness of u* follows from
the fact that f(z,u) := r(z) min{ 1:51;()2)7
continuous in z; see, e.g. Proposition 3.3 of (Cantrell and Cosner, 2003). (Al-
ternatively, one may also argue by the subhomogeneity of the semiflow, see
Theorem 2.3.4 of (Zhao, 2017).)

NG

Here we have used the condition v < sup,cq

1} —vgu is decreasing in u and Hélder

Setting m*(z) = min{ 1}, we obtain the existence of a positive

steady state (u*,m*). Finally, since u*(z) # %9, we must have m*(z) # 1.
This proves Theorem 3.

Finally we establish Corollary 2.

Proof of Corollary 2. For any d > 0, define

7*(d):sgpm and 7*(d):sup{7>0:s%p]$<l}, (14)

where 6 is the unique positive solution of (4) and @ is the unique positive
solution of
dAi+ (Ng —~gu*) =0 in 2. 0Onil,,, =0. (15)

Let (u*, m*) be the steady state of (2) as given by Theorem 2. Then m* =
min {1, 7{\;12 } and u* is the unique solution to (5). If m* = 1in {2, then u* = 6/
and ﬁfi > 1 in {2. This implies m* = 1 in 2 iff v > ~v*(d).

Next, suppose that m* < 1 somewhere in 2. Then m* < 1 in 2 iff

- R
u*=u, and sup— < 1.
n T

Hence, fixing all parameters except -, then

_ N
m* <1 in {2 iff ~ issuch that sup RIS
N T
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The definition of v, (d) follows from the fact that @ is strictly decreasing in .

Finally, the inequalities in (6) are direct consequences of the definitions of
7+(d), v*(d), and that sup, 6 < supg, 7, info u? > infg %. This establishes
Corollary 2.

4 Linear stability of positive steady states

In this section we consider the linear stability of positive steady state (u*, m*),
which is given in Theorem 2. The main result is stated as follows:

Theorem 4 If the steady state (u*, m*) exists, then it is linearly stable; i.e.
if A € C is an eigenvalue of the linear problem

—kX = (—ru*W — rm*®)(1 — m*)? forxz € (2,
AP = dAD 4 P(rm* — 2ygu*) + ru*¥ for x € (2, (16)
O0n® =0 for x € 012,

then necessarily Re A > 0 holds.

We caution the readers that in the first equation of (16), the term —2(1 —
m*)(Ng —rm*u*)¥ actually vanishes, as a consequence of the definition of m*
after (5).

Remark 2 Let (u*,m*) be a steady state given by Theorem 3(b)(ii). Define
2 :={z € 2: m*(x) < 1}. Then the above linearization concerns perturba-
tions from the steady state (u*, m*) within the function space

Xlz{(ﬂ,ﬁz)EC’(Q;R+X[O,I]):W~1($)<1 in 29, m(z) =1 in .Q\_QO}.

Proof We eliminate ¥ by the substitution

B rm* B (1 —m*)? rm*
W = X{z:m*(m)<1} (17]33;*)2 _ riu*é = X{m:m*(m)<1} k l)\ _ ru*(lfm*)Z ] @

to obtain the nonlinear eigenvalue problem

dAD + @ {rm* = 2ygu* + A + Xgim= (2)<1} (1_:1*)2 riutm” } =0 for z € (2,

N rur(d—m5)?
k
0n® =0 for x € 0f2.
(17)

Claim The following holds:

inf /dV 2 (rm* — ygu*)p? dz = 0. 18
et Q[I el = ( Ygu*)e”] (18)



14 Xjaoqing He et al.

This assertion follows by observing that 0 is an eigenvalue (with positive
eigenfunction ¢ = u*) of the problem

dAp + (rm* —ygu*)p + pp =0 for x € £2,
Onp =0 for z € 012.

We further claim that for each constant k£ > 0, the nonlinear eigenvalue
problem (17) does not admit any eigenvalue with non-positive real part. Sup-
pose to the contrary that A = a4 i is an eigenvalue, with o <0, 8 € R, and
eigenfunction @ = ¢ + i), where ¢, 1) are real-valued functions. Then

—dAp+ Ap = By for x € (2,
—dAY + Ay = —B¢ for x € 2, (19)
On® =0, =0 for z € 012,

where A and B are given by

(1 —m*)2u*r?m* —a+rut(1—m*)?/k

A = —Tm*—Oé+2’Y9U*+X{xm*(x)<1} k .62 + (—Oé + Tu*(l _ m*)2/k)2

and, respectively,

(1 —m*)2u*rim* 1 )

B = —1 X m* ’
B ( + Xeom= (2)<1} L B2+ (—a+ ru*(1 — m*)2/k)?

Claim There exists g9 > 0 independent of k, such that
00/4,02 dx < / [dIVel” + Ap?] dz for all € H'(£2). (20)

To establish our assertion, we make use of (18) to get

Jld|Ve|* + Ap®] dx

inf
goegll(rz) [ ¢?dx
o i JAVeP 4 (Crm 4 ygut)e?] de N [ vgut¢® da
T peHY () [ ¢?dx [ ¢?dx

> 'yirflzf(gu*) > 0.

Multiplying the equation of ¢ by ¢, the equation of ¥ by %, integrating the
results by parts and adding them together, we obtain (by using (20))

o0 / (6% + %) dz < / [AIV[? +d[Ve[ + A@® +v?)] da

_ / [Byé — Béy)de = 0.

Hence ¢ = ¢ = 0, and this shows that any A with Re A < 0 is not an eigenvalue.
This concludes the proof of the theorem.
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5 Global asymptotic stability in the homogeneous case

Throughout this section 7(z), Nr(x) and g(x) are positive constant functions,
denoted by 7, Nr and g, respectively. We establish Theorem 1 for the case
v < #2/(gNR) as the other case v > #2/(gNRg) is covered by part of (a) of
Theorem 3. For the ease of notation we drop the bars and write them as Ng,
g and r for the rest of this section.
Proposition 1 For each time-dependent solution of (2), there exist 6y > 0
and Ty > 0 such that
N 1 1] N 0
R, % §U(m7t)§L 0 and R, _%
ro 14t vg 1+t r2 14t
forx e 2 andt > Tp.

do
1+t

SM(xvt) S 1-

Proof By Lemma 2, there exist C1,71 > 0 and 0 < §; < min{l7 %} such
that

C 0
Mat)<l— 1 and U@t <— -1 forze t>T,
1+¢ vg 1+t
where we have used the fact that %9 = %.

Claim There exist do > 0 and T5 > 0 such that M(z,t) > Wr# + 1% for
€ (2andt > Ts.

Fix € £2, and let Va(t) = M — 29N® then for t > Ty,

N 20 N
k(Va) = <1— 7“1 R _y, NR—r<V2+7i2R> U(x,t)]

2 -
Y9Nr Y9NR r 01
>(1- - - -
- ( 7 V2> _NR ! (Vﬁ 2 ) (vg 1+t)]

2 r 2
r réy YgNRor 1
L Vo IR _C 1
( + ) 2+ r 1+t

vg 1+t

2
Hence, we define fo(t,s) = <1 - —”%’R — s) K—% + %) s+ LALR& ﬁ}a
so that
k(Va)' > fot, Vo)  for t > Th.
Setting d, = %min{l — %7 %}, we deduce that, for ¢ > 77 and

s < %2

= 11
2 2
Y9NR T rd1 5o vgNgré 1
ts)>(1— - T
f2(’8)_< 72 S) {( 'yg+1—|—t)1+t+ r 14t
Sy 29Nk _ \'[_r* 62 gNmd 1
- 72 ygl+t r 1+t
> 1, _ 29Nk ® ygNrdy 1
! r2 2r 1+t
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By Corollary 3, there exists T, > 77 such that Va(t) > % for all ¢ > T5. This
proves the claim.

Claim There exist 05 > 0 and T5 > 0 such that U(z,t) > % + 1‘5—_& forz e 12
and t > Tjs.

By the previous claim, we deduce that

1+t

Ut—dAUzU[yg(%—U)JrM—Q] forz € 0, t>Ty,
o, U =0 for z € 992,t > Ts.

N
By comparison it is not hard to show that litm infU(x,t) > R particular,
— 00 r
there exists T4 > Ty such that

. NR /
> — >Ts5.
l}géU(m,t) 25 for t > T (21)

Let Va(x,t) =U(z,t) — %, then
(Va)e — dAV3 > fa(x,t,V3)  forz € 2, and t > Ty,

where, using (21),

(s + %) (% - 793) when ~ygs > %7

f3(z,t,8) =
e % (% _793> when vgs < fi“t
Setting &5 = %7 we have, for all t > T and s < 1%7
NR 7“(52 63 NR 7"(52 1
t > — - T N
f3(x,t,5) > o (1+t 791+t - 2r 2 1+t

And Lemma 1 again implies the existence of T3 > Ty such that V3(t) > f—jt
for all ¢ > T3. This proves the claim.

Finally, the proposition follows by letting Ty = max{T1,T>, T3} and §y =
min{Cl, 51, 52, 53}

Theorem 5 Suppose v < r?/(gNg), then the positive (constant) steady state
(u*, m*) for (2) is globally asymptotically stable amonyg initial values (Uy, Mp)
satisfying (3).

Proof Suppose the constant parameters satisfy v < r2/(gNg), then the steady
state
* *\ Ngr \ ’}/gNR
(W m*) =\ ——
9 r
is determined by

rm* =~ygu® and Ng=rm*u".
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Clearly, m* < 1.
Step 1. Suppose the initial condition satisfies (3), then there exists Ty > 0 such
that

N
R U@z, Ty) < —  and
r g

Y9NR

2 < M(z,Ty) <1 forxe . (22)

This follows from Proposition 1. Thus we may assume without loss of generality
that the initial data (Uy, My) satisfies (22).

Define, for & € (u*, %),
U i N
U©) =& UQ)="% ME:="6 and ME="F

where, by construction, for all = € §2 it holds that

_ _ _ N
<M<m*<M<1, MU=MU==-=2,
T

N — N
B pgcw<TU< 2, 792}%
T ’}/g T

Next, define the family of (invariant) sets I'(§) as follows:
L) = {(y1,y2) €R*: U(€) <yr <U(E) and M(&) <yo < M(E)}.

By Step 1, it is possible to choose £ € (u*, %) close enough to % such that

(U(x,0), M(x,0)) €int I'(¢) for all z € £2. (23)

Step 2. Let € € (u*, %) We claim that if (U(z,0), M (x,0)) € int I'(€) for all

x € 2 then (U(z,t), M(z,t)) € int I'(€) for all x € 2 and ¢ > 0.
Suppose to the contrary that Step 2 is false, then for some t; > 0,

(U(z,t), M(z,t)) €int I'(¢) for all x € 2 and t € [0,1),

and one of the following alternatives holds (in the following we suppress the
dependence of £ in U,U, M, M):

(i) U(z1,t1) = U or U(zy,t1) = U for some z1 € 2.
(i) U < U(x,ty) < U for all x € 2, but M(zy1,t1) = M or M(x1,t1) = M for

some x1 € (2.

For case (i), we observe that for ¢ € [0,#,], M < M(x,t) < M for all z € 2
and hence

{’ygU(U U) <U; —dAU < ygU(U = U) for x € 2,t € [0,t1], (24)

o,U =0 for z € 902,t € [0,1].

Since U < U(x,0) < U for z € 02, the strong maximum principle for parabolic
equations yields that U < U(z,t) < U for all z € 2 and ¢ € [0,t1]; a contra-
diction, i.e. case (i) is impossible.
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For case (ii), for = 21 and t € [0,¢1], we have

M, = UM 0 T — r MT + v M(T - U)]
= ST (M — M) + "M (T - U)

and also

M, = U=ME W RTU — MU — rM(U - U)]
= MR (M — M)~ MU~ U)

i.e. (still fixing x = 1)

(M —M); = —%U(M - M)+ rid _kM)QM(U -U) (25)
and
oy, = - LMy a7+ M . )

Since U < U(xz,t) < U for z € 2 and t € [0,¢;], we have

M(:’L‘l,tl) _M > exp (_A 1 g(l - M(.’EhS))ZdS) (M(Iho) _M) > 0.

Similarly, we deduce that M — M (z1,t;) > 0, a contradiction, i.e. case (ii) is
also impossible. This finishes Step 2.

Step 3. Let tg > 0, and let £ € (u*7 %) be fixed so that

(U(x,to), M(z,t0)) € (&) for x € £2, (27)

then
(U(x,t),M(z,t)) € I'(€) forxc 2, and t > t,. (28)

To show Step 3, suppose (27) holds. Then (U(z, 1), M(x,ty)) € int I'(€)
for all z € 2 and for all € € (5, %) In view of Step 2, for all £ € (5, %) we
have

(U(z,t), M(z,t)) € int ['(§) for all 2 € 2, t > to.

Since Mg )intF(f) = I'(§), this implies (28).

fe(e
Step 4. Define

& = inf{§ € <u*, ;g) : o st (U(z,t), M(z,t)) € [(€) forx € 2,t> to}.

By Steps 1 and 3, &, € [u*, %) is well-defined. If £, = u*, then (U(+,t), M (-,t)) —

(u*, m*) as t — oo, and we are done.

* T
g

and a standard diagonal process, passing to a sequence t; — oo, we may

assume that U(xz,t+t;) — U(x,t) weakly in Wli’cl’p(ﬂ x [0,00)) and strongly

Suppose to the contrary that £, € (u ) By parabolic regularity theory
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in g+“’(1+a)/2(ﬁ x [0,00)). Moreover, denoting U = U(&,) and similarly for
U, M, M, we have for each ¢ > 0, there exists to > 0 such that

(U(x,t), M(z,t)) C I'(&x+¢€)  forallz € 2, t > to,
so that if we let t — oo and then ¢ — 0, we have

limsup sup M (x,t) < M, and liminf inf M(z,t) > M (29)

t—+4o0 zeR t—+oo zef?

and that
limsupsup U(z,t) <U, and liminf inf U(z,t) > U. 30
imsup sup U 1) imint i UG t) 20 (30)

Passing to the weak limit for the equation of U, we deduce differential inequal-
ities for the nonnegative functions (U — U) and (U — U) that are similar to

(24),

(U -0); — dA(UfU):fUt+dAU> —ygU(U = U), (x,t) € 2 x [0,00),
(U= U) — dAU - U) = Uy — dAU > —ygU(U - U), (x,t) € 2 x [0,00),
(U —-U)=0,U~-U)=0 (z,t) € 902 x [0, 00),
U-U>0 and U-U>0 (x,t) € £2 x[0,00)

(31)

By the weak Harnack inequality for strong solutions of parabolic equations
(see Theorem 7.37 of (Lieberman, 1996)) applied to (U — U) and (U — U),
there can only be three cases:

(i) there exists to > 0 such that U < U(x,t) < U for (x,t) € 2 x (t,00);

(ii) U(x,t) = U for (z,t) € 2 x [0,00);

(iii) U(z,t) = U for (z,t) € 2 x [0, 00);

We will make use of the following technical lemma, whose proof will be
postponed to the end of this section.

Lemma 3 Suppose t; — +oo and U(z,t) = im0 U(z,t + t;) weakly in
Wi (62 % [0,00)).
(a) IfU < U in 2 x [1,3], then there exist 6, > 0 and jo € N such that for all
J = Jo,
M(z,t;+t)>M+6 and Ulz,t;+t)<U—08 in 2 x[2,3];
(b) IfU > U in 2 x [1,3], then there exist &, > 0 and jo € N such that for all
j > jO;
M(z,t;+t) <M -6 and U(z,t;+t)>U+d6 in2x[2,3].

In both assertions 01 is independent of j > jo.
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Assume the lemma holds. Then for case (i),
Q<U(x,t)<U forze 2 and tg+1<t<ty+3.
By parts (a) and (b) of Lemma 3, we deduce that for j > jo,

M(&) + 01 < M(z,t; +to+1t) < M(&) — 1,
Q(é*) + 01 < U(J?,tj +to + t) < U(g*) -0

for € £2 and t € [2,3]. Hence, there exists &, such that u* < &,. < &, and

(U(Jf,tj—ﬁ-to—‘rQ),M(ﬂf,tj +t0+2)) EF(g**) for €.
By the invariance of I'(£,.) (proved in Step 3), we deduce
(U(w,t), M(x,t)) € (&) foraz € 2, t>1t;+1to+2.

This contradicts the minimality of §.. Thus case (i) is impossible.
Next we consider case (ii), where U = U. This implies, by way of Lemma
3(a), that for some constant ¢; and for all j > jo,

M(z,tj+t)—M >4 forxe 2,te]2,3].

Hence the second differential inequality in (31) can be improved to

U, - dAT 27U (U+ 22 —0) forze 2, te 23],
0.U =0 for x € 902, t € [2,3],
U>U for z € 2, t € [2,3].

Standard comparison yields that U(m t) > U for x € 2 and t € (2, 3]. This is
a contradiction to U = U for all z € £2 and ¢ > 0. Thus case (ii) is impossible.
Similarly, we can deduce that case (iii) is also impossible. We thus have arrived
at a contradiction from the assumption that £, > w*. Thus & = u* and we
are done.

Finally, we supply the proof of Lemma 3. We only prove (a), as the proof
of (b) is analogous. Solving (25) in the interval [t;,t; + t], we have

M(:L’,tj +t)—M
ti+t .
= exp (/t kU(lM(:r,s))st> X [(M(x,tj) - M)

J
Choose, by Step 1, a parameter £, € (u*, %) such that

(U(x,0), M(x,0)) € I'(§) for all z € (2,

bttt LT r(l — x,7))2 —
+/t exp (/t kU(l — M(x,s))2d5> wM(I,T)(U —U(zx,7))dT]|.
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and set Moy = M(&) < 1, and My, = M(&) > 0. By Step 3, we have
(U(z,t), M(z,t)) € I'(§) for all z € 2 and t > 0, i.e. My < M(x,t) < M
for all x € {2 and ¢ > 0. -
By assumption, U(z,t) = lim;j U(z,t +t;) < U in the compact set
£2 x [1,3]. Hence it is possible to choose §p and j; so that for all j > j,
U—-U(x,tj+t) >0 forze Q,ie 1, 3],
infueo(M(z,t;) — M) > —3 [U=H0 Mo

where we have made use of (29). Hence, for each x € 2 and ¢ € [2, 3],

M(z,t; +1) — M

ti+t 77 tj+t 1 _M 2
> exp <_/ LA M(m,s))2d5> - l inf (M(x,t;) — M) +/ T(O)MO(sOdT]
t; k zes? ti+1 k

titt T r(1— )2
2 exp (—/ —U(l - M(x,s))2ds> : [ inf (M (x,t;) — M) + r(1 = Mo)”

ts k e
J

3 T 1 [r(1—Mg)?
> _ = R B Sl VA
> exp ( /t A ds 5 [ 3 Modo}

— oxp ( 3rU> {r(l _2]?40)2M050}

M0501

=61 > 0.

Since the last expression is independent of x € 2 and t € [2,3], part (a) of
Lemma 3 is proved. The proof of part (b) is analogous and is skipped.

Remark 3 In fact, it is not difficult to construct a Lyapunov function as follows:

r NR NR
= —M .
V(0) = maag {Ue0) DM,

However, due to the lack of compactness of the semiflow generated by (2), one
cannot directly invoke LaSalle’s Invariance Principle to conclude the global
asymptotic stability of the homogeneous steady state (u*, m*).

6 Qualitative properties of steady state: Case g = 1

In this section we study some qualitative properties of the unique positive
steady state u* of (5), under the condition ¢ = 1. The main goal of this
section is to determine when Hypothesis A and Hypothesis B hold or fail for
the special case g = 1.

Throughout this section we assume that ¢ = 1 and rewrite (5) as

dAu* + u* [min{ JZ?,T} —qu*] =0 in {2,
Opu* =0 on 0f2.
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Note that ©* depends upon d and . For the sake of brevity we write it as v* in-
r(z)0(z)
Nr(z) ’

stead of u*(z, d, ). By Theorem 3 we may assume that if 7 > sup,c
then u* = 6/~.
In terms of u*, Hypothesis A is equivalent as

/ uwdr > lim | udx
0 d—0 0

holds for all d > 0, and Hypothesis B is equivalent to

/ u*dr > lim u* dz
1?)

d— o0 7

holds for all d > 0.
We start with a few properties for v* which hold for all ~.

Lemma 4 For any d > 0 and v > 0,
{maXQr maxg \/NR} mint > min{mingr ming \/NR}.
2

vy T vy A
(33)

maxu* < min
Io)

Proof Suppose that maxgu* = u*(xg) for some zy € 2. By Proposition 2.2
of (Lou and Ni, 1996),

o) < min { SEO0 )

from which the first inequality of (33) follows. The proof for the second in-
equality of (33) is similar and thus omitted.

The proofs of the following two results are also standard; See (DeAngelis
et al, 2016b).

Lemma 5 As d — 0+,

u(x) = ug(x) := min{ —_— =

uniformly in x € 0.

Lemma 6 Asd — 00, u* — s uniformly in x € £2, where us, is the positive
constant uniquely determined by

. :/Qmin{NR(x),r(x)} dz.

Uoo

We consider three scenarios: large, small and intermediate v, and determine
whether Hypotheses A and B hold or fail in these parameter regions. Our main
findings are as follows.
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(i) (large ) When the resources are unlimited everywhere in space, then Hy-
potheses A and B hold.
(ii) (small v) When the resources are limited everywhere in space, then Hy-
pothesis A holds but Hypothesis B fails.
(iii) (intermediate ) When the resources are partially limited in space, then
both Hypotheses A and B may fail.

6.1 Large v case

Theorem 6 Suppose that v > 7 := maxgr - maxg y— and r(z) is non-
constant. Then for any d > 0,

/ uw*dr > lim v dr = lim uw* dz.

Theorem 6 implies that for suitably large 7, both Hypothesis A and B
hold, similarly as predictions on logistic models. This is not surprising as u*
satisfies the logistic equation, as asserted in the following result:

Lemma 7 If v > 7, then u* satisfies

{dAu* +ur[r—yu*] =0 in {2,

Opu* =0 on 0f2. (34)

Proof By Lemma 4,

maxe r . Ng
maxu”* < 2" < min —%,
Q 0 Q T

whenever v > 7. Hence, Ng/u* > r in £2, and thus u* satisfies (34).

The proof of Theorem 6 follows from Lemmas 5, 6 and 7; see, e.g., the
proof of of (Lou, 2006).

From the proof of Lemma 7 we see that if 7 is suitably large, then m* =
min{x’i,l} = 1 in 2. This implies that N(z,t) — oo as t — oo, i.e. the

resources are unlimited everywhere in space. In other words, both Hypotheses
A and B hold when the resources are unlimited everywhere in space.

6.2 Small v case

This is the case when the resources are limited everywhere in space, which is
opposite to the case of large ~. In this case, we will show that Hypothesis A
holds but Hypothesis B fails.
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Theorem 7 Suppose that 0 <y <, where

2
e 25) (). (o) ()}

and Ng(x) is non-constant. Then fQ u* dx 1s strictly increasing in d. In par-
ticular,

lim [ v"dr< [ w*dr< lim u* dx.
d—0 0 0 d— oo 0

holds for any d > 0.

Lemma 8 If v < v, then u* = 4, where @ = u(-;d) is the uniquely positive
solution of

~ ) _ .
{dAu +Nrp—7vyu =0 in §2, (35)

ot =0 on 012.

Proof By Lemma 4,

R
> max —,
2 T

. . ming r ming v Np
m1nu*>m1n{ Q- «2
Q

v V7

where the last inequality follows from v < . Hence, Nr/u* < r in 2, and
thus u* satisfies (35).

Lemma 9 Let 4 = a(-;d) be the unique positive solution of (35). Suppose
that Ng is non-constant. Then [, u(x;d) dx is strictly increasing in d.

Proof We denote 04,/0d as @'. Differentiating (35) with respect to d, we have

~/ ~ A
{dAu + Ad —2yaa' =0, x € 2, (36)

ot =0 x € 012

Set £ := (—dA+2v1) 7!, i.e. the inverse of the operator —dA+2va subject
to the Neumann boundary condition. By (35) and (36) we have

= L(Ng +~a%), and di' =L(dAT) = L(ya* — Ng).

Hence

L(dAR)
— [0 £y — Np) 37
= [, L(2vi?) — [, L(7@* + Ng)
= frz L(2vu?) — fQ u.

It remains to show that

from which it follows that |, , U is strictly increasing in d.
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To prove our assertion, let v = £(2va?), i.e. v satisfies

(38)

—dAv + 2viw = 2ya?, x € 12,
Opv =0 x € 0f2.

By the maximum principle, v > 0 in 2. As @ is non-constant, v is also non-
constant. Dividing (38) by v and integrating the result in {2 we obtain

v 2 ~2
—d/| Yl +2'y/ﬂ:2v L
n v n v

Since v is non-constant, we have

- a?
u > —,
2 nv

which can be written as
Note that

Hence,

which proves the assertion.

Theorem 7 now follows from Lemmas 8 and 9.

6.3 Intermediate ~
The results from previous two subsections illustrate that Hypothesis A hold

for small and large . In this subsection we show that Hypothesis A could fail
for intermediate values of ~.

Theorem 8 Suppose that maxg ]Q—l < % maxg 7. holds. Then

lim [ v"dzr> lim uw* dx
for
2
r r r
~ € [max —, fQ max —)
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Remark 4 It is easy to construct functions Nr and r for which maxg 1:/72 <
Jor

o maxg ~,; holds; for instance, it holds when r is non-constant and Np is

proportional to r2. We also note that max, N—l < JI??I max g 7, does not hold
when Np is proportional to r.

In fact, when Ng(z) = kr(z) for some k > 0, then limg g fQ u*dr <
limg 0 f o v dx holds for every v > 0. Precisely, by Lemmas 4 and 5,

Uoo = \/jmm{\/E, \/Z} and  ug(z) = \/@mm{@ \/@}

Hence, by Schwartz’s inequality,

uodx</ \/7 _\/@?/Q\/T(?)dx<\/g|(2\/::/gumdx

in case k <
r(zx) 7
upde < | —=de=—|02|= | usdx
2 2 7 Y n

An immediate corollary of Theorem 8 says that for v belong to the in-

7

2 Hl

in case k > S

terval [maxg Nz ’IIQ\ maxg w- ), imgo [, u*de > [,u*dx for large d; in
particular, Hypothesis A could fail for large d.

One can also construct examples such that Hypothesis B fails for interme-
diate values of v and small d.

Given two functions F, G on 2, define

A= (/Qmin{F,G}dx>2—/Qmin{|Q|F2, (/Qmin{F,G}d:r) G}.

Lemma 10 Suppose that F,G € C(£2) and F > G in 2. Then A > 0 holds.
Furthermore, A =0 if and only if |2|F? > ([, G) G in 2.

Proof By F > G,

2 .
( QG)2 = Jomin{|Q|F?, ([, G) G

2
= ( 0 G) - f(z G- f{mz\mF?z(fQ G)G} G- f{z:\Q\F2<(f92G)G} |2|F
= /oG- f{gc:|rzu«“2<(fI oy G- f{x:|m§2<(fﬂ ooy 192IF
= f{x:\Q\F2<(fn G)G} f(ng G—|QF ]
>0,
and the last equality holds if and only if the set {2 : F* < ([, G)G} has zero
measure, ie. [2|F? > ([, Gdx)G in (2.
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Proof of Theorem 8: For s € (0,00), set

f(s) =~|2]s* - /Q min{Ng(x), sr(z)} dz.

As f(s)/s is strictly increasing, f(s) is positive for large s and negative for

small s, f(s) = 0 has a unique positive root, which is precisely given by o,
by the definition of us, (Lemma 6). Recall that u* — wy = min {, / %, %}
as d — 0 and u* — uy as d — oco. Hence, to compare limg_,q f(z u* dx and

limgo0 [, u* dz, it suffices to determine the sign of f (ﬁ Jo uo dx). More

precisely, if f (ﬁ Jo 1o d;v) > 0, then ﬁ Jo uo dz is strictly greater than

the unique root us, of f, and thus limg_s fn u*dr = |Que < fQ ug dx =
limgo [, u* de.
By direct computation we have

25 () - ([ {y22})

By choosing F' = \/Ng/v and G = r/v we see that

12 <f9“°> — A.

v |£2]

By assumption v > maxg 1%’ F = \/Nr/y > G = r/v in 2. Hence, by

Lemma 10, A > 0 and A = 0 holds if and only if v > %maxf-l NLR This
completes the proof of Theorem 8.

7 Discussions

In this paper we have investigated the dynamics of a consumer-resource reaction-
diffusion model, proposed recently by Zhang et al (2017), for both homoge-
neous and heterogeneous environments. For homogeneous environments we
have established the global stability of the constant steady state. In particu-
lar, if the yield rate is greater than or equal to some critical value, the resources
will become unlimited across the habitat; if the yield rate is smaller than the
critical value, the resources are limited in the whole habitat. For heteroge-
neous environments we have studied the existence and stability of positive
steady states and the persistence of time-dependent solutions. For heteroge-
neous environments, our results imply that the resources will be unlimited
across the habitat for large yield rate and limited in the space for sufficiently
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small yield rate. However, there is some range of yield rates in which the re-
sources are partially limited in space, a unique feature which does not occur
in homogeneous environments.

As was mentioned in the Introduction, an experiment performed by Zhang
et al (2017) showed, surprisingly, that Hypothesis B was false. In fact, this
can be easily seen by comparing Figure 4 in p.1124 and Figure 6 in p.1126.
A mathematical proof of this fact was included in the Appendix E of (Zhang
et al, 2017) for the case when ~ is small. For the reader’s convenience, we
include it here for comparison purposes.

Proposition 2 Let ug and vg be respectively the unique positive solution of
the following problems

dAu+ Ng —ygu? =0 in 02, (39)
Opu =0 on 012,

and _
dAv+ Nr —ygv?> =0 in £, (40)
Op,v =20 on 012.

where Np = 5 fQ Ngrdx. Then, for d small

[£2]
/ud</vd
9] [0}

provided that Ngr and g are positively correlated and, either Nr or g is non-
constant.

The proof follows from the following lemma which compares the respective
carrying capacities of the two systems.

N IN
/ —Rdx</ B odr
o\ 79 o\ 79

if Ngr and g are positively correlated and, either Ng or g is nonconstant.

Lemma 11

Proof If Nr and g are positively correlated, then Ng and 1/g are negatively
correlated, then by Lemma 26 in p.247 of (DeAngelis et al, 2016b), it follows

that
/ &dzgi/,ﬁ%/ /i:/ R
o\l Y9 12| /o oV Jao\ v

Combining Proposition 2 and Theorem 7, we see that, for v small, we
now have a fairly good understanding of why Hypothesis B fails. This seems
particularly relevant, as the experiments performed by Zhang et al (2017) seem
to indicate that the parameter v is quite small.

Another hypothesis proposed by Zhang et al (2017) stated that when a con-
sumer exists in a region with a heterogeneously distributed input of exploitable
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renewed limiting resources, the total population abundance at equilibrium can
reach a greater abundance when it diffuses than when it does not. While we
show that such hypothesis holds for both small and high yield rates, a new
finding of this paper is that this second hypothesis proposed by Zhang et al
(2017) may fail for intermediate values of yield rates.

The phenomenon of partially limited resources in space can be regarded
as a transition between the current consumer-resource model with small yield
rates and the classical logistic model. The details of such transition in terms
of parameters such as the diffusion rate and the yield rate yet remain to be
understood and invite further investigation. To illuminate the situation, we
make some comments to clarify the general conditions on the critical yield
rates given in Theorem 3 and Corollary 2 versus those in Section 6 (Theorems
6, 7, 8). To this end, for any given d > 0, recall the following critical rates
specified in (14) (see also Corollary 2):

. r(x)0(x) Nr
= _— = : — < .
~v*(d) sgp ) and  y.(d) =supqy >0 Sl;)p s 1

Since max s 6 < maxgp r and ming 6 > ming r when g = 1, it is easy to show

7 < inf 7, (d) <supy*(d) <7,

- d>0 d>0
which implies that m* = 1 everywhere for those values of 7y as given in Theorem
6, whereas m* < 1 everywhere in case of Theorem 7. This in particular implies
that v —v*(d) does not change sign for those values of v as given in Theorems
6 and 7, respectively. In contrast, for those 7 in Theorem 8, v — v*(d) always
changes sign as it holds that

r? [or r
— =2 max — inf ~*(d *(d
(mgx PRI NR> C (g;ov ( )731;187 ( ))7

which follows from 7*(d) — maxg ]C—Z when d — 0 and v*(d) — er maxg w—
when d — oco.

Determing the shapes of v*(d) and 7.(d) will be useful in understanding
the transition between the consumer-resource model with small yield rates
and the classical logistic model. For the case of Ngr(z) proportional to r(x),
it was conjectured by Lou and Wang (2017) that v*(d) is strictly monotone
decreasing in d; see also the work by Li and Lou (2018) for recent development.
It seems interesting but challening to determine the general shapes of v*(d)
and 7. (d), as functions of the diffusion rate d.
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