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ABSTRACT

We study dimorphisms by applying adaptive dynamics theory and singularity
theory based on a new type of equivalence relation called dimorphism equivalence.
Dimorphism equivalence preserves ESS singularities, CvSS singularities, and dimor-
phisms for strategy functions. Specifically, we classify and compute normal forms
and universal unfoldings for strategy functions with low codimension singularities
up to dimorphism equivalence. These calculations lead to the classification of local
mutual invasibility plots that can be seen in systems of two parameters. This prob-
lem is complicated because the allowable coordinate changes are restricted to those
that preserve dimorphisms and the singular nature of strategy functions; hence the

singularity theory applied in this thesis is not a standard one.
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CHAPTER 1
INTRODUCTION

The application of game theory to biology has a long history. FEwvolutionary Game
Theory studies the evolution of phenotypic traits and was originated by Maynard-
Smith and Price [17] in 1973. Since then, there has been an explosion of interest in
evolutionary game theory by mathematicians and other scientists. Adaptive Dynam-
1cs is a set of techniques and methods that studies the long-term consequences of
phenotypes by small mutations in the genotypes. In the past twenty years, adaptive
dynamics has been studied by many people, including Dieckmann and Law [5], Geritz
et al. [10], Diekmann [7], Dieckmann and Metz et al. [4], Derole and Rinaldi [3], Pole-
chova and Barton [18], and Waxman and Gavrilets [19]. Golubitsky and Vutha [14]
applied singularity theory and adaptive dynamics theory to study the ESS and CvSS
singularities of strategy functions. This thesis expands their research to further study

the dimorphisms of strategy functions.

1.1 Background of Adaptive Dynamics Theory

In this section, we briefly introduce the background of evolutionary game theory and

adaptive dynamics theory.



Evolutionary Game Theory

In evolutionary theory, changes in the environment are often reflected by the changes
in the residents’ ability to reproduce. Organisms that can adapt better normally have
higher reproductive rates. In biology, the individual’s ability to adapt (or reproduce)
is called fitness. Mathematical models define fitness in terms of reasonable biological
assumptions that are encoded in strategy functions. The simplest game in evolution
is a two-player single trait game. In this case, a strategy function is a real-valued
function f(x,y) where x and y are the strategies or (phenotypes) of the players (or
organisms). A strategy function f(x,y) represents the fitness advantage of a mutant
with phenotype y when competing against a resident with phenotype z. In game
theory, f(z,y) > 0 means that the mutant has a fitness advantage over the resident.

Since any strategy has 0 advantage against itself, we define

Definition 1.1. The smooth function f: R x R — R is a strategy function if
f(z,xz) =0 for all x.

Remark 1.2. Since a strategy function f vanishes along the diagonal (z,x), we can
see by direct calculation that certain derivatives of f also vanish along the diagonal.

For example,

fx+fy:0

fac;t + 2fa:y + fyy =0

at (z,z) for all .



Adaptive Dynamics Theory

Adaptive dynamics applies a game theoretic approach to study the evolution of her-
itable phenotypes (or strategies), such as beak lengths of birds. There are two fun-

damental ideas when applying adaptive dynamics:

(i) The resident population is assumed to be in a dynamical equilibrium when new

mutants appear.

(ii)) The eventual fate of the mutants can be inferred from the mutant’s initial

growth rate.

The evolution of strategies is modeled using strategy functions. The idea is that
an environment contains players (or organisms) playing all possible strategy values
(phenotypes), and that a given strategy (phenotype) evolves based on the interactions
with nearby strategies or mutations. In adaptive dynamics theory, strategies evolve
through a series of advantageous interactions against mutant strategies.

In fact, adaptive dynamics assumes that the resident strategy x increases when
a mutant strategy y > x has an advantage over x, and decreases when a mutant
strategy y < x has an advantage over x. Note that we can apply Taylor’s Theorem

at (x,x) to obtain:
flx,y) = f(z,2) + (y — 2) fy(z,2) + Oy — 2)° = (y — @) f, (x,2) + Oy — x)”
In this expression, it is obvious that when f,(z,z) > 0, for any y near z, we have

flz,y) >0 if and only if y>z



Therefore, we can see a proportional relationship between the rate of change of strate-
gies in evolution and the mutation gradient f,(z,z) of the fitness function f. Dieck-
mann and Law [5] have applied this approach and obtained the canonical equation of

adaptive dynamics:

d
d—f = a(2)f,(z, ) (1.1.1)
where a(z) > 0 depends on the resident strategy z.

From the canonical equation of adaptive dynamics, we see that (1.1.1) has an

equilibrium at z if and only if f,(z¢, z9) = 0. Therefore, we define

Definition 1.3. A strategy x¢ is a singular strategy if f,(xo, o) = 0.

An Example of a Fitness Function

In the simplest case, we assume that the resident population initially consists of asex-
ual organisms that all possess the same phenotype x (also known as a monomorphic
population). We also assume that y is the phenotype of the rare mutations and that
the fitness function is f(x,y).

Mutations that differ from the resident are randomly and recurrently generated,
and these can be thought of attempting to invade the resident. In this context, f can
be defined in terms of a population growth rate k& (see (1.1.5)).

We now introduce k& for monomorphic populations, show how k leads to growth
rates for a system of two populations with different phenotypes (see (1.1.4)), and
show that the stability of the populations are given in terms of k (see Theorem 1.4).

To define k, suppose that w is the size of a monomorphic population with phe-
notype x. Assume that the growth rate of the population is determined by the

population and the trait value. That is:

w = k(w, z)w (1.1.2)

4



where k(w, z) is smooth, and - is the derivative of w with respect to time.

Since the population is monomorphic, we can assume that there is a zero of k(w, x)
for each = (defined locally near a given x() denoted by (p(z),z) where p(x) > 0 is
smooth. That is,

k(p(z),z) =0 (1.1.3)

This equilibrium is assumed to be stable for (1.1.2) near the given ¢, that is,

kuw(p(20), 70) <0

When there is more than one phenotype in the system, the growth rate for each
phenotype is assumed to be determined by the trait value of this phenotype and the
total population of all phenotypes. In particular, when there are two phenotypes,
suppose that the resident x has a population v and the mutant y has a population v,

then the population equations have the form

U = uk(u+v,x)
(1.1.4)
0 = vk(v+u,vy)

Note that (p(z),0,z,y) is an equilibrium of (1.1.4) where the mutant population is
zero and the resident population is p(z). In this case, the growth rate of the mutant
is k(p(x),y) and the fitness function of rare mutations with phenotype y in a resident

population with phenotype x is

f(xy) = k(p(x), y) (1.1.5)
where z is near zy. Equation (1.1.3) implies that
fz,z) = k(p(x),z) = 0

Theorem 1.4. The equilibrium (p(z),0,z,y) of (1.1.4) is unstable if f(x,y) > 0 and
stable if f(x,y) <O.



Proof. The Jacobian J(u,v,z,y) for the system (1.1.4) is

kE(u+ v, x) + uky(u + v, x) uky (u+ v, )
(1.1.6)
vk (v +u, y) k(v + u,y) + vkw(v+ u,y)
At the equilibrium point (p(z), 0, z,y), the Jacobian becomes
p(2)kw(p(2),2)  p(2)kw(p(2), 7)
‘](uavax7y)‘(p(x),0,x,y) = (117)

0 k(p(r),y)

We know from the assumptions of k(w, z) that
p(z) >0 kw(p(z),x) <0

Therefore, we have
p(@)kw(p(x), ) <0
Thus, the stability of the equilibrium (p(z),0,x,y) is determined by the sign of

kE(p(x),y). The proof is complete by recalling (1.1.5). O

Remark 1.5. Theorem 1.4 shows that the stability of the equilibrium is determined
by the signs of the fitness function f(z,y). This is consistent with the definition
of fitness function; that is, f(z,y) < 0 indicates that the mutant has no advantage
against the resident. This is the same as saying that the resident population stays in
a stable equilibrium. Moreover, the population with phenotype y will gradually die
out, and the system will remain monomorphic.

On the contrary, if f(x,y) > 0 then the mutant has an advantage over the resident.
Moreover, the resident population is unstable and will be invaded by the mutant.

Thus, the population with phenotype y will increase.

1.2 Important Concepts in Adaptive Dynamics

Next we introduce three important concepts from adaptive dynamics.
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ESS

An evolutionarily stable strategy (ESS) is a resident phenotype (i.e. strategy z) such
that no mutant with phenotype y near = can invade the resident. That is, f(z,y) <0
for all y near z. Considering that f(z,z) = 0 for all z, it is necessary to have that

fy(Z,7) =0 and f,,(7,z) < 0. Specifically:

Definition 1.6. 7 is an ESS if

fo(2,2) =0 f,(z,2) <0

Remark 1.7. Remark 1.2 implies that f,(z,z) = 0 if and only if f,(z,z) = 0.

CvSS

A convergence stable strategy (CvSS) is a phenotype (i.e. strategy z) such that it
is a linearly stable equilibrium in x for the canonical equation of adaptive dynamics
(1.1.1). If a phenotype Z is a CvSS singularity, it is actually a local attractor in
adaptive dynamics. This means, any nearby resident strategy will follow the canonical
equation of adaptive dynamics and evolve towards to direction of z. Recall that T is
a linearly stable equilibrium of (1.1.1) if

AED=0 (@)l <0

By Remark 1.2, we have

d

7 (@@ fy(2,2))|o=s = &'(2) f,(7, 2) + (2)(fay (2, 2) + £ (2, 7))

1 L o
= SE)(fyp(,7) = foal3, 7))

Since a(z) > 0 for all z, we have

Definition 1.8. 7 is a CvSS if

fo(Z,2) =0 (2, %) — fou(Z,Z) <O
7



Dimorphism and Region of Coexistence

Adaptive dynamics theory attempts to predict phenotypic evolutionary change. In
the long run of evolution, either mutations die out or they do not die out. If the
mutant with phenotype y has no advantage over the resident with phenotype = (i.e.
f(z,y) < 0), the mutant will die out. On the other hand, if the mutant with pheno-
type y has an advantage over the resident with phenotype z (i.e. f(x,y) > 0), then
the mutant’s population will grow and they will not die out. However, in some situ-
ations, the mutant cannot outcompete the resident once the resident is rare and we
get coexistence of two subpopulations with different phenotypes. That is, the system
becomes a dimorphic population. This happens when f(x,y) > 0 and f(y,z) > 0

and such a pair of phenotypes is called a dimorphism. So we have

Definition 1.9. Let f(x,y) be a strategy function. A pair of strategies z,y that

satisfies

flx,y) >0 f(y,)>0

is called a dimorphism of f. The set of all dimorphisms of f is called the region of

coexistence.

Remark 1.10. There is a sufficient condition for the local existence of dimorphisms:
If f,(z,2) =0 and f,, (%, %)+ fu.(Z,Z) > 0, then there exists pairs of strategies (z,y)

near (z,z) such that both f(z,y) > 0 and f(y,z) > 0.

Proof. Let g(x) = f(x,2% — x), we claim that g(z) > 0 when z is close to z. We

know
g/(l‘) = fl,(:L‘,ZZZ‘—CL’)—fy(ZL‘,2f—JZ)

g (x) = fou(2,28 —2) — 2f0y (2,27 — ) + f(2,2T — 1)



where ’ is derivative with respect to z. Then, we have

o) = 9(3) + (D)o = 7) + 54" (@)w — 7 + hot

From Remark 1.2, we know

9' (%) = fo(,7) — f,(T,7) =0

9" (%) = 2(fex (T, T) + [y (T, 7)) > 0

Therefore, we can conclude that when x is close to T

1
59"(3‘5)(9& —z)*+ h.ot >0

g(x) =
Note that (x,2Z — x) and (2 — z,x) are symmetrical about (z,z). With similar

calculations we also have
g2z — ) = ¢"(z)(Z — 2)* + h.ot > 0

That is to say,

f(z,22 —2) >0 f2z —x,2) >0

Hence, (z,2% — x) are pairs of dimorphisms around the singular point (Z,z) when x

is close to . O

Remark 1.11. In some of the literature of adaptive dynamics, dimorphism is also
referred to as mutual invasibility. Diekmann [7] discussed the consequence of mutual

invasibility. It is found that

e If there is a dimorphism (x, y) near a singular strategy Z that is both an ESS and
a CvSS, then both strategies x and y will evolve towards z, and this dimorphism

(x,y) is called a converging dimorphism.

9



e If there is a dimorphism (z,y) near a singular strategy  that is a CvSS, but
not an ESS, then we can observe an interesting phenomenon called evolutionary
branching. When this happens, (z,y) is is called a diverging dimorphism. Some

detailed discussion about evolutionary branching can be found in [15, 9, 16].

In this thesis we will keep track of dimorphism pairs, but not explicitly of converging

and diverging dimorphisms.

1.3 Background of Singularity Theory

In this section, we discuss the general ideas of singularity theory and how it helps
in studying ESS singularities, CvSS singularities and dimorphisms in the context
of adaptive dynamics. In addition, we introduce mutual invasibility plots which
show how ESS, CvSS, and dimorphisms can interact. At the end, we introduce the

classification of singularities by topological codimension.

Standard Singularity Theory and its Applications

Singularity theory studies how a certain local property of a class of functions changes
as parameters are varied. The important first step when trying to apply singularity
theory is to determine transformations of functions that preserve the property that

one is trying to study. We will use a series of examples to explain this.

1. In the simplest case, the property to be studied is the zero sets of functions

f:R"™ — R" near a given zero. We define:

Definition 1.12. Two functions f, g : R" — R" are contact equivalent if there

exists a function S : R" — R and a coordinate change ® : R" — R" such that



where S(z) > 0 and ® : R" — R" is a near identity diffeomorphism.

It is easy to see that the contact equivalence (S, ®) transforms the zero set of g

to the zero set of f.

2. Golubitsky and Vutha [14] study the ESS and CvSS singularities of strategy
functions. They develop an equivalence relation called strategy equivalence (see

Definition 3.1) to preserve these singularities among strategy functions.

3. This thesis studies the transformations that preserve dimorphisms as well as
ESS and CvSS singularities of strategy functions. We construct a modified
version of strategy equivalence called dimorphism equivalence (See Definition

3.3) such that it preserves these three properties of strategy functions.

In singularity theory, a singularity is a transition point where the property one
studies changes. For example, in the study of the zero set of a function f, a singularity
is a point x such that f(z) = 0 and (Df), is singular. That is, the transition point
when the number of zeroes of f changes. In the case of studying dimorphism, ESS,
and CvSS simultaneously, a singularity will be a transition point where at least one
of these three properties changes.

Once one has established the most general equivalence relation that preserves
these properties, it is natural to ask when is a function f equivalent to a specific
function h on a neighborhood of a singularity? This question is called the recognition
problem. The specific function h is called the normal form and is usually the ‘simplest
representative’ from the whole equivalence class of h. A major result of singularity
theory is that the recognition problem can be solved by examining a finite number of

derivatives of f at the singularity point. For example:

11



Theorem 1.13. Assume that a strategy function f(x,y) has a singularity at (0,0).

Then f is dimorphism equivalent to

h=(xz—y)'+(@+y)(z—y)

if and only if at (0,0)

fxzo f:r:y:O

fm: >0 fxw(fx4 + 6fx2y2 + fy4) - 4(fa:2y + fny)(sfmy2 + fy3) >0

In the theorem for a recognition problem, the equalities are called defining condi-
tions, the inequalities are called non-degeneracy conditions.

Singularity theory studies the key properties of small perturbations of a given
function f by applying universal unfolding theory. An wunfolding of a function f is
a parametrized family F(z,a) such that F(z,0) = f where o € RF is a parame-
ter. A wersal unfolding of f contains all small perturbations of f up to the general
equivalence. A wuniversal unfolding of f is a versal unfolding with the smallest k.
Once a singularity is identified in a normal form h, we can find all possible small

perturbations of A in its universal unfolding H (z, a) up to equivalence. For example:

Theorem 1.14. A universal unfolding of h = (x — y)* + (z +y)(z — y) is
H=(z-y)?+a)(e—y)+(z+y)(z -y

where a s a parameter near 0.

The techniques needed to prove Theorem 1.14 follow from those needed to solve
the recognition problem in Theorem 1.13. With universal unfolding theory, we are
able to classify all small perturbations of a strategy function f up to dimorphism

equivalence.

12



Geometry and Mutual Invasibility Plots

Another benefit of universal unfolding theory is that it helps study the geometry
of small perturbations around singularities. For a given strategy function we use
mutual invasibility plots (MIPs) to illustrate ESS and CvSS singularities, and regions
of coexistence. For example, Figure 1.1 shows the two possible perturbations of the
strategy function h = (z—y)*+(2+y)(x—y) up to dimorphism equivalence by plotting
the data for the universal unfolding H = ((z — y)* + a)(z — y)*> + (z + y)(z — y) for
a > 0 and a < 0. In these plots, the blue curve is H(z,y,a) = 0, the red curve is
H(y,z,a) = 0, and the black curve is the line y = z. In each region, we can see a
pair of signs and they stand for sgn(H (z,y, a)) and sgn(H (y, x,a)). The centered red
dot stands for a singularity that is both ESS and CvSS. Plots like these are called

mutual invasibility plots (MIPs).

a<0 a=0 a>0

Figure 1.1: MIPs of the universal unfolding function H = ((x —y)*+a)(z —y)*+ (z +
y)(x — y). In this example the transition from a < 0 to a > 0 causes the emergence
of two regions of coexistence (in the right plot). Note that the evolutionary and
convergence stability of the singularity (0,0) do not change when the parameter a is

varied.
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In Figure 1.1, we see that regions of coexistence can emerge from the perturbation
of a singular strategy function. The MIP for the singular strategy function h is the
middle plot of Figure 1.1. There is no region of coexistence in the middle plot.
However, if we perturb the parameter to a > 0 (as in the right plot), the strategy
function has two regions of coexistence; whereas, when a < 0 (as in the left plot), the
strategy function has no region of coexistence. We can think of this singular strategy

as creating regions of coexistence.

Remark 1.15. In the adaptive dynamics literature, there is another useful plot
called a pairwise invasibility plot (PIP). For any strategy function f, a PIP contains

the curve f(z,y) = 0 and sgn(f) in each region bounded by f(x,y) = 0.

Classification of Singularities

In this thesis we solve the recognition problems, find the universal unfoldings, and
plot the MIPs (for all perturbations up to dimorphism equivalence) for singularities of
topological codimension < 2. In specific, Theorem 5.1 classifies all such singularities,
Theorem 6.9 gives the universal unfoldings for these singularities, and Chapter 8
contains MIPs for all possible perturbations. The results for topological codimension

one are much simpler and they are presented in Chapter 2.

Codimension

Next, we explain what codimension is. For a strategy function f with a given singular-
ity, the universal unfolding F'(z, ) contains all perturbations of f up to dimorphism
equivalence. The C°° codimension of f is the number of parameters in the univer-
sal unfolding F'. The parameters in universal unfoldings are often called unfolding
parameters.

Suppose that the perturbations of f associated with a parameter g, that is F'(+, ),
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have constant C'*° codimension and the functions are not equivalent for different j.
Then we call the parameter § a modal parameter. Golubitsky and Schaeffer [12]
define the topological codimension of a function f as its C° codimension minus the
number of modal parameters in a universal unfolding of f. Therefore, as is standard
in singularity theory, we can classify singularities of strategy functions up to a given
C* or topological codimension. We choose ‘topological codimension’ because this
is the number of parameters that are needed in an application for the particular

singularity to be able to occur generically.

1.4 Structure of the Thesis

In Chapter 2, we summarize the major results of this thesis and provide an appli-
cation of our theory. In Chapter 3 we review Golubitsky and Vutha’s [14] strategy
equivalence and introduce dimorphism equivalence which preserves ESS and CvSS
singularities and dimorphisms. In Chapter 4, given a strategy function f, we present
a sufficient condition to determine all small perturbations n so that f + n is dimor-
phism equivalent to f. The result is stated in the modified tangent space constant
theorem (Theorem 4.7). In Chapter 5, we apply Theorem 4.7 to solve the recognition
problems under dimorphism equivalence for singularities of topological codimension
< 2. For each of these singularities we find the normal form and its defining and
non-degeneracy conditions. See Table 5.1 for details. In Chapter 6, we discuss uni-
versal unfoldings of strategy functions up to dimorphism equivalence. An important
theorem in singularity theory shows the existence of universal unfoldings and provides
methods to calculate them. We apply these methods in the context of dimorphism
equivalence and find the universal unfoldings for singularities up to topological codi-
mension two. See Table 6.1 for details. In Chapter 7, we solve the problem of when
is an unfolding universal for a given strategy function f. This result is useful when
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determining whether a universal unfolding of a degenerate singularity is contained
in a given application. We illustrate the standard methods with a few examples. In
Chapter 8, we study the geometry of the unfolding space for each singularity up to
topological codimension two. For these singularities, we determine the MIPs of all

possible perturbations up to dimorphism equivalence.
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CHAPTER 2
MAJOR RESULTS AND APPLICATIONS

In this chapter, we present our major results and explain why these results are im-

portant. In addition, we apply our theory to study the famous Hawk-Dove game.

2.1 Major Results

As discussed in Chapter 1, we apply adaptive dynamics theory and singularity theory
to study certain local properties (ESS singularities, CvSS singularities, and dimor-
phisms) of strategy functions. That is, we assume z; is a singular strategy and we
determine when we have ESS singularities, CvSS singularities, and dimorphisms in
a universal unfolding of that singularity. We study all singularities up to topologi-
cal codimension two. In this section we only list the results for singularities up to
topological codimension one. The results for singularities of codimension two are
more complicated and are shown in Theorem 5.1 (normal forms) and Theorem 6.9

(universal unfoldings). Note that all results use the (u,v) coordinates

U=r+y

V=T —y

We also denote w = v*. The (u,v) coordinates simplify the calculations in the proofs

of many of our theorems. We show in Chapter 4 that a general strategy function f
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can be rewritten as
f = plu, wyw + q(u, w)v
In Table 2.1, we enumerate the important information of the singularities of topo-
logical codimension zero and one. For each singularity, we include defining and non-

degeneracy conditions, normal forms, and universal unfoldings of the normal form.

Def ND TC Normal Form h Universal Unfolding H
(a) | — D 0 e(w + pouw) e(w + puv)
_ _ Gu
Gu e =sgu(p) po=—
P
Tu e(dw* + uv)
(b) b Pwqu — Pulfuw 1 € = Sgn((]u) e((éw + a)w + ’LLU)

0= Sgn(pwqu - quw)

P (€ 4+ pow)w + duv
(©) | qu Quu 1 [ e=sgn(p) 6&=sgn(qu) | (e + pu)w+ (a+ du?)v
" 3¢

Table 2.1: The normal forms, defining and non-degeneracy conditions, and universal
unfoldings of singularities up to topological codimension one for strategy functions
f with a singular strategy at (0,0). Derivatives in the table are evaluated at the
singularity (0,0). Information about singularities of topological codimension two
can be found in Table 5.1 and Table 6.1. (Def = defining conditions. ND = non-

degeneracy conditions. TC = topological codimension.)

From Table 2.1, we see that singularity theory provides an easy way for us to iden-

tify singularities. To determine whether f is dimorphism equivalent to the normal
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form h, we only need to calculate certain derivatives of the strategy function f eval-
uated at the singularity point. Once we have identified the singularity, we draw the
MIPs of the universal unfolding for all possible parameter values up to dimorphism
equivalence.

Figure 2.1 to Figure 2.4 contain all possible mutual invasibility plots up to di-
morphism equivalence for the universal unfolding H of singularities of topological
codimension zero and one. The type (ESS or CvSS) and the stability of each singular
point is indicated by a symbol with a certain color and shape as shown in Table 2.2.
The subscripts have the following meaning: + stands for asymptotic stability, —
stands for unstable, and 0 stands for a transition between stable and unstable strate-

gies (that is, the singularity).

® CVSS+ESS+

CvSS.ESS_

CvSS_ESS,

CvSS_ESS_

® | CvSS,ESS,

CvSSoESS_

CvSS, ESS,

CvSS_ESS,

Table 2.2: Markers for different singularity types on the MIPs.
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(i) 1< pu<0

(i) 0<pu<1 (iv) p>1

Figure 2.1: The MIPs of strategy function F' = (w + puv) for different values of p.

i)o<p<1 (iv) p>1

Figure 2.2: The MIPs of strategy function F' = —(w + puw) for different values of p.
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(¢) F=—(w+a)w—uv: (i)a <0, (ii) a =0, (iii) a > 0

(d) F=—(—w+a)w—uv: (i)a <0, (ii) a=0, (ili) a > 0

Figure 2.3: MIPs of F' = €((dw + a)w + wv) when: (a) e = 1, d = 1; (b) € = 1,
d=—-1;(c)e=—-1,=1;(d) e = —1, § = —1. In each scenario of (¢, §), we can see

emergence of new regions at one direction of the parameter change.
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—+
++
4
—+
++
4

Figure 2.4: MIPs of F = (e + pu)w + (a + 0u®)v when: (a) e=1,0 =1; (b) e = —1,
d=1;(c)e=1,0=—1;(d) e = —1, 6 = —1. In each scenario, we see emergence of
additional singularity in one direction of parameter change while no singularities in

the other direction.
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The MIPs of the universal unfolding of singularity (a) up to dimorphism equiva-
lence are given in Figures 2.1 and 2.2 . We see that dimorphisms only exists when
p > 0. Once sgn(p) is fixed, the difference in the modal parameter p can change
the stability of ESS or CvSS. Up to dimorphism equivalence, there are eight different
types of MIPs for the topological codimension zero singularity:.

The MIPs of the universal unfolding of singularity (b) up to dimorphism equiva-
lence are given in Figure 2.3. We see that as we vary the parameter a across 0, there
is a creation of new regions. In addition, sgn(q,) determines the ESS or CvSS singu-
larity types and corresponding stabilities. If a strategy function has this singularity,
with the help of singularity theory and these MIPs, we can predict whether we can
find pairs of dimorphisms in the perturbed strategy function and if the answer is yes,
where we can obtain pairs of dimorphisms in the parameter space.

Figure 2.4 contains the MIPs of all universal unfolding of singularity (c) up to
dimorphism equivalence when the modal parameter ;1 = 0. The figures show that as
we vary the parameter a, the number and stabilities of ESS and CvSS singularities
change, but the existence of regions of coexistence does not. Note that p = 0 is a
special case of all strategy functions with singularity (c), we point out that © = 0is a
standard representative for the all parameter values of . We discuss the influence of

different values of the modal parameter p on the topology of the MIPs in Chapter 8.

2.2 Application of the Theory

This thesis provides the theoretical support and general methodology to simulta-
neously study ESS singularities, CvSS singularities, and dimorphisms of strategy
functions. It is usually extremely difficult to study the properties of a general strat-

egy function f and its perturbations. By developing an equivalence relation (i.e.
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dimorphism equivalence) that preserves ESS singularities, CvSS singularities, and di-
morphisms, we find the conditions for a class of strategy functions to be dimorphism
equivalent to singularities up to topological codimension two. This theory hugely
simplifies the calculations in identifying the singularities. The universal unfolding
theory allows us to study the key properties of all perturbations of a given strategy
function. Since a class of strategy functions that are dimorphism equivalent share the
same key properties in their corresponding perturbations up to dimorphism equiv-
alence, we only need to study a representative (usually the normal form) from this
class. The MIPs in Chapter 8 show all key properties for the universal unfoldings of
each singularity up to topological codimension 2. Within each plot, ESS singularities,
CvSS singularities, and dimorphisms are given specifically. Therefore, with the help
of our theory and the MIPs, we can easily tell whether dimorphisms exist if one is
studying an evolutionary problem with a specific fitness function.

In particular, to apply our theory, we look at the famous Hawk-Dove example in

evolutionary theory.

The Hawk Dove Game

Dieckmann and Metz [6] considered generalizations of the classical Hawk-Dove game
that lead to strategy functions. Golubitsky and Vutha [14] study this game in the
context of strategy equivalence and find different types of ESS and CvSS singularities
as parameters are varied.

The classical Hawk-Dove game has two players A and B who can play either a
hawk strategy or a dove strategy with payoffs given in Table 2.3. Here V' > 0 is a
reward and C' > 0 is a cost.

In fact, [6] considers a game where A plays hawk with probability = and B plays
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Hawk Dove
1
Hawk §(V -C) Vv
1

D 0 =V
ove 5

Table 2.3: The hawk-dove game

hawk with probability y. Dieckmann and Metz [6] show that the advantage for B in

this game is given by the strategy function

flx,y)=(y —z)(V — Cx) (2.2.1)

Dieckmann and Metz [6] also consider variations of (2.2.1) that lead to parametrized
families of strategy functions, which are based on various ecological assumptions (See

[6] for details). Their most complicated game has the form

Fla) =g (2.2.2)
where
P(z) = ro+ri(z —x0) +ro(w — 0)?
Aey) = 5v/P@P) .
B(z,y) = V(1—xz+y)—Cuxy
Qz,y) = A(v,y)B(z,y)/R

Based on certain biological explanation of the parameters, we also assume that in
(2.2.3)
R>0 C>0 V>0

Example 2.1. By applying our singularity theory results we show that the fitness
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function (2.2.2) of the generalized Hawk-Dove example has pairs of dimorphisms.

Specifically, assume

3 1
V = EC To = Z_L ro =1 ry=1 ro =0 (2-2-4)

11
Then the strategy function f(x,y) has a singularity at (z,y) = (Z_L’ 1) and is dimor-

phism equivalent to

M) = (2~ 9)* + 5o+ ) ) (2.2.5)

This normal form is a special case of singularity (a) in Table 2.1 and its MIPs can be
found in Figure 2.1 (iv) where we see regions of coexistence.

With direct calculation, Golubitsky and Vutha [14] show that at (z,y) = (xo, zo)

. Qy(%, o)
fx($07x0) — 1+Q($0,£U0)
If xq is a singular strategy of f(x,y), then
_ wa(xme)
Jou (@0, @) = 1+ Q(xo, o)
wa(x& xO) + ny ('T07 IO)
Tx 9 - ) =2
Jaa (0, 20) — fyy (20, o) I+ Q0. o)
Based on the definition of Q(z,y) in (2.2.3) and the parameter values (2.2.4), we can
11
te at = (-, -
compute at (r,5) = (7. 7)
Qy _0 Qy _ 39C Quy + Quy _ 21C
1+Q 1+Q  4C 1 64R 1+Q 2C + 32R
11 1
Thus, (Z’ é_l> is a singularity of the Dieckmann-Metz f since fz(Z’ Z) = 0. To identify

the type of this singularity, we use (u = x 4+ y,v = x — y) coordinates. Recall that f
can be written as

f=plu,w)w + q(u, w)v
Note that in u, v coordinates (x,y) = (xg, zg) corresponds to (u,v) = (2z9,0) and we

have

fa::q fzy:_Qp f:ca:_fyy:4Qu
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11

Based on these calculation, we know that at (z,y) = (Z’ Z)
Qy

— T - - = 0

! ! 1 % +QQ 39C
. _ — __i = N —

p = way Qb+QQ 801—528R>0
. 1 - 1 ry + vy 2

Qu = 4(fm fo) = 2 1+Q - 8C' +128R =0

Thus, by looking up Table 2.1 we see that f is dimorphism equivalent to the strategy

function w + puv where

qu 14
p 13

0

Therefore, this specific Hawk-Dove game contains a singularity that is dimorphism

equivalent to the strategy function in (2.2.5).
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CHAPTER 3
DIMORPHISM EQUIVALENCE

In this chapter, we review the strategy equivalence (see Definition 3.1) developed by
Golubitsky and Vutha [14]. Strategy equivalence preserves ESS and CvSS singulari-
ties of strategy functions. However, we show in Example 3.2 that strategy equivalence
does not always preserve pairs of dimorphisms. We then introduce a special type of
strategy equivalence that does preserve pairs of dimorphism (Theorem 3.4) and is
called dimorphism equivalence (Definition 3.3). To develop dimorphism equivalence,
we combine strategy equivalence with concepts from singularity theory with symme-

try.

3.1 Strategy Equivalence

Golubitsky and Vutha [14] study strategy functions by defining a form of equivalence

relation that preserves ESS and CvSS singularities. In particular

Definition 3.1. Two strategy functions f and f are strateqy equivalent if

~

fx,y) = Sz, 9) f((z,y))
where
1. S(z,y) > 0 for all z,y.

2. & = (&, Py) where &;: R? — R, det(d®),, > 0 for all z,y.
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3. ®(z,x) = (¢p(x), p(x)) for every x where ¢ : R — R.

4. ®y ,(z,z) =0 for every x.

However, this equivalence relation is not strong enough to study dimorphisms in
adaptive dynamics. The following is an example of two strategy functions that are

strategy equivalent, but one has regions of coexistence, whereas the other does not.

Example 3.2. Consider the strategy functions

flx,y) =—(y—2)2r+y) and g(x,y) = —(y —2)(z +2y). (3.1.1)

Theorem 5.5 in Golubitsky and Vutha [14] shows that f(x,y) and g(z,y) are strategy
equivalent to the normal form h(x,y) = —(y — z)y. However, we see that f and ¢
have different dimorphism properties; more precisely, f has regions of coexistence,

whereas g does not. See the mutual invasibility plots in Figure 3.1.

(a) MIP of f in Example 3.2 (b) MIP of g in Example 3.2

Figure 3.1: Strategy functions f and ¢ are strategy equivalent, but have different

dimorphism properties because f has regions of coexistence, whereas g does not.
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Example 3.2 implies the need for a new equivalence relation to preserve regions
of coexistence. Recall that f(x,y) > 0 indicates a fitness advantage of the mutant
playing strategy y when competing against the resident playing strategy x, whereas
f(y,z) > 0 indicates a fitness advantage of the mutant playing strategy x when
competing against the resident playing the strategy y. We wish to preserve the

regions of coexistence for f under a new equivalence relation, that is, regions where

f(x,y) >0 and f(y,x) > 0.

Definition 3.3. Two strategy functions f and f are dimorphism equivalent if

~

flz,y) = S(z,y) f(®(z,y)),

where
1. S(z,y) > 0 for all (z,y).
2. ®(x,y) = (o(z,y), o(y, z)) where p: R* — R.
3. (d®),, = c(x)Iy where ¢(z) > 0.
Moreover, we call the dimorphism equivalence strong if ¢(z) = 1.
The remainder of this section is devoted to proving:

Theorem 3.4. If the strategy functions f(x,y) and f(:p,y) are dimorphism equiva-

lent, that is,

~

fla,y) = Sz, y) f(2(z,y)),
where (S, ®) satisfies the assumptions in Definition 3.3, then the diffeomorphism ®

maps the regions of coexistence of f(x,y) to those of f(x,y).

Remark 3.5. In fact, we can show that dimorphism equivalence will preserve both
sgn(f(z,y)) and sgn(f(y,z)). There are four regions based on the signs of f(z,y)
and f(y,x) and dimorphism equivalence preserves all of these regions.
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3.2 Motivation of Dimorphism Equivalence

One way to preserve dimorphisms is to use the same strategy equivalence simultane-
ously on two pairs of strategy functions (f(z,y), f(x,y)) and (f(y, ), f(y,2)). This

idea suggests considering vector functions of the form

F(z,y) = Jew (3.2.1)

fly, )

where F' : R? — R? and interpreting dimorphism equivalence as a symmetry condi-
tion on (3.2.1).
Specifically, define the interchange symmetry o(x,y) = (y,z). Note that every

F(z,y) in (3.2.1) is o-equivariant, that is
F(o(z,y)) = oF(z,y). (3.2.2)

In this section we show that specializing o-equivalence (see [13] for details) to in-
clude the restrictions of strategy equivalence leads to Definition 3.3 of dimorphism

equivalence, and allows us to prove Theorem 3.4. We begin by defining

Definition 3.6. Suppose F(z,y) and ﬁ(x,y) are o-equivariant. Then F(z,y) and
F (z,y) are called modified o-equivalent if there exists a diffeomorphism ® : R? — R?

and a 2 x 2 smooth matrix 7" such that

A

F(z,y) = T(z,y)F(®(z,y)), (3.2.3)
where
S(x, 0
T(x,y) = (@3] O(z,y) = (o(z,y), ¢y, 7)) (3.2.4)
0 Sy z)

and det(T'(z,y)) # 0, det(d®),, # 0 near the given point.
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Remark 3.7. This is a modification of o-equivalence because it follows from (3.2.4)

that T(x,y) and ®(z,y) satisfy

T(o(z,y))o =oT(x,y)  @(o(2,y)) = o®(z,y)

Modified o-equivalence is sufficient to preserve pairs of dimorphisms near singular
points. To preserve ESS and CvSS singularities, we include the restrictions of strategy
equivalence to this modified o-equivalence. Note that a certain equivalence between
f(z,y) and f (z,y) can be induced by the modified o-equivalence. This is because

~

Fley) = Ji(mjy)
[y, x)
S(x,y) 0 f(@p(*xa y)? w(y,x))

0 S,z)) \fley z),e(xy))

S(x,y) fle(z,y), p(y, x)))
Sy, z) f(e(y, ), (z,y)))

Hence

A

flz,y) = S(x,y) fle(x,y), ¢y, ). (3.2.5)

In order for f (x,y) to be strategy equivalent to f(z,y) under the equivalence relation

(S, ®), it follows from Definition 3.1 that the following conditions have to be satisfied
S(z,y) >0 det(d®),, >0 oy(x,2) =0

Therefore, to preserve ESS singularities, CvSS singularities, and dimorphisms, the

equivalence (S, ®) should satisfy

1. S(z,y) > 0 for all x,y.

2. O(z,y) = (p(z,9), p(y, ).
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3. det(d®),, > 0 for all z,y.
4. @y(z,z) =0 for all z.
Remark 3.8. Note that

(), - (T, y) py(T,y)

©y(y, ) 2y, )

So ¢, (x,x) = 0 implies that

pr('rwr) Qoy(xwr) QO;C(ZE,I) 0 10
(dP)s = = = (2, )
QOy(ZL',JI) gpm(x,x) 0 QOm(Z',I> 0 1
The local singularity theory only requires that all conditions are satisfied near a given

point. So we can replace the conditions ¢, (z, z) = 0 and det(d®),, > 0 with a single

requirement that (d®), . = c(z)ly where c¢(z) > 0.

In this way we have constructed an equivalence relation (.S, ®) that preserves ESS
singularities, CvSS singularities, and dimorphisms. We obtain the formal definition

of dimorphism equivalence as in Definition 3.3.

3.3 Proof of Theorem 3.4

We showed that dimorphism equivalence is a modification of strategy equivalence in

the previous section. It follows that,

Lemma 3.9. If f(z,y) and f(z,y) are dimorphism equivalent, then they are strategy

equivalent too.

Moreover, we have the following lemma showing that f(y,x) and f (y,x) are also

strategy equivalent under the same dimorphism equivalence.
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Lemma 3.10. If two strategy functions f(z,y) and f(x,y) are dimorphism equiva-

lent, suppose

~

flz,y) = S(z,y) f(®(z,y)),

then f(y,z) and f(y,x) are strateqy equivalent under the same equivalence (S, ®).

Proof. Define

g(z,y) = f(y,v)
i(z,y) = fy,z)

We want to show that g(z,y) is strategy equivalent to g(z,y) under (S, ®).

Note that f(x, y) = S(z,y) f(®(x,y)). By switching the variables z,y, we have

~

fly,z) = Sy, z)f(®(y,z))
= Sy, z)f(e(y,z), o(z,y)) (3.3.1)

= S(y,2)g(p(z,9), 0y, )

Equation (3.3.1) can be written as

g(z,y) = S(y,v)g(P(z,y))

Note that S(y,z) > 0 and ®(z,y) satisfies the conditions in Definition 3.1, hence
g(z,y) is strategy equivalent to g(z,y). That is, f(y,x) is strategy equivalent to

[y, z). O

Golubitsky and Vutha [14] show that coordinate changes that are defined in strat-
egy equivalence preserve the zero sets of strategy functions. Hence, with Lemma 3.9

and Lemma 3.10 we know

Lemma 3.11. If two strategy functions f(x,y) and f(:my) are dimorphism equiva-

lent, that is

A

flz,y) =Sz, y) f(®(x,y)),

where (S, ®) satisfies all assumptions in Definition 3.3, then
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1. ® maps the zero set of f(a:,y) to the zero set of f(z,y);
2. ® maps the zero set of f(y,x) to the zero set of f(y,x).

Proof. Lemma 3.9 tells us that f(z,y) and f (x,y) are strategy equivalent, so the
diffeomorphism ® preserves the zero set of f (x,y). That is, ® maps the zero set of
f(x,y) to the zero set of f(z,y).

Lemma 3.10 tells us that f(y,z) and f(y,z) are also strategy equivalent under
the same (S, ®), so the diffeomorphism ® preserves the zero set of f(y,z). That is,

® maps the zero set of f(y, x) to the zero set of f(y,x). ]

Proof of Theorem 3.4 Note that S(x,y) > 0 and S(y,z) > 0, it follows directly

from Lemma 3.11 that ® maps the region

~

{(z,y): f(z,y) >0, f(y,z) > 0}

to the region

{(@,y) : flo(z,y), 0y, 7)) >0, f(y, ), p(z,y)) > 0}.

That is, dimorphism equivalence preserves the regions of coexistence for strategy

functions.

35



CHAPTER 4
THE RESTRICTED TANGENT SPACE

In this chapter, we answer the question: when is f 47 dimorphism equivalent to f for
a small perturbation n? WLOG, we assume that f and n are both strategy functions
and (0,0) is the singularity for both of them.

First, by applying singularity theory, we reduce the question that is set in an
infinite dimensional functional space to a question that is set in a finite dimensional
polynomial ring. To do so, we introduce the dimorphism equivalence restricted tangent
space: the subspace of all strategy function perturbations n that satisfies f + tn is
dimorphism equivalent to f for all small t. We find the general form for the strategy
function 7 in Proposition 4.2. By applying the form of n we prove the tangent space
constant theorem (see Theorem 4.7) in the context of dimorphism equivalence.

We find that the calculations are more easily done in the coordinate system

u = T+vy
(4.0.1)
vo= T—Y

and we set w = v2.
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4.1 A Change of Coordinates

The idea of considering o-symmetry (where o(x,y) = (y,x)) when studying dimor-
phisms motivates the coordinate change in Lemma 4.1. Note that under (u,v) coor-

dinates in (4.0.1), we have o(u,v) = (u, —v).

Lemma 4.1. Every smooth real-valued function a(u,v) can be written in the form
a(u,v) = b(u,w) + c(u, w)v (4.1.1)

where b and ¢ are smooth functions.

Proof. For the proof see the discussion in [11, p.108]. It follows that every smooth
real-valued function a can be written as a pair of smooth o-invariant functions b, ¢ as

in (4.1.1). 0

Let f be a strategy function. Since f(z,2) = 0 or in (u, v) coordinates f(u,0) = 0,

it follows from Lemma 4.1 that f can be defined as
f=0blu,w) + q(u, w)v
where b(u,0) = 0. By Taylor’s Theorem f has the form
f=plu, w)w + q(u, w)v,

where p,q : R* — R are smooth functions. In the remainder of this thesis we will
identify strategy functions f with the notation [p,q] € £ where £ is the space of

smooth real-valued functions in (u,w) coordinates.

4.2 Dimorphism Equivalence Restricted Tangent Space

Assume that f + tn is dimorphism equivalent to f for all small ¢. That is, suppose

there exists a smooth t-dependent dimorphism equivalence such that

flz,y) +in(z,y) = S(z,y, 1) f(P(x,y,1)) (4.2.1)
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where

S(z,y,0) = 1 y,0) = 0,0,t) =0 S(z,y,t)>0
(z,9,0) o(x,y,0) =2 o ) (z,y,1) (429)

O(z,y,t) = (p(z,y, 1), ¢(y,2,1)) @y(z,2,1) =0 @u(z,2,t) >0
Differentiating both sides of (4.2.1) with respect to ¢ and evaluating at t = 0 gives

n(x,y) = S(x,y,0)f(z,y) + @(x,y,0) fo(x,y) + &y, 2,0) fy (2, ) (4.2.3)

where - is the derivative with respect to ¢ and (.S, @) satisfies all the requirements in
(4.2.2).

We define the dimorphism equivalence restricted tangent space RT(f) of f to be
the space of all n(z,y) that satisfies (4.2.3) where (S, ®) satisfies all assumptions in
(4.2.2).

Proposition 4.2. Let f = pw + qv, the dimorphism equivalence restricted tangent

space RT(f) is
([P, ), [0, wpl, [wpu, wau), [wp + 2w’py, 20°qu]) + RY...}
where {---} indicates the R—module generated by
W jp + upy + 25wpu, ugy + 250 40)

for j=1,2,....
Proof. Dimorphism equivalences are generated by two kinds of equivalence

1. f(z,y) = S(x,y)f(x,y) where S(z,y) > 0.

2. f(z,y) = fp(z,y), p(y, x)) where (0,0) = 0, ¢, (z,z) = 0, p,(z,z) > 0.
Consider the first type of equivalences in (u,v) coordinates, we can assume that

S = Se(u,w) + Sy(u, w)v
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where S.(0,0) > 0. Then the tangent vectors given by this type of equivalencies can

be computed by

%s(x,y,t)f(x,y) = 5(2,y,0)f(x,y)
t=0

= (Se + Sov)(pw + qu)

= Se(pw + qu) + S,(qu + wpv)

where - is the derivative with respect to ¢. Since S, and S, are arbitrary o-invariant

functions we see that
(Ip, 4, [q,wp]) € RT(f)

Consider the second type of equivalences in (u,v) coordinates, we can assume

gp(x7 y’ t) - QO@(U, w? t) + QOO(UW w7 t>/l}'
Since p(y, z,t) = we(u, w,t) — @, (u, w, t)v, we compute

u(®(r,y,t) = @@,y,t) +o(y,2,t) = (P +@ov) + (e — Pov) = 20

’U((I)(:B?yvt)) = go(x,y,t)—go(y,x,t) = (906+S00U)_(906_900U) = 2p,v

w(®(z,y,t) = v((z,y,1))° = (2¢0v)? = dgiw
(4.2.4)

Then the tangent vectors given by this type of equivalencies can be computed by

o F ol 9,0), 0ly,2,) (1.25)

t=0

Using (4.2.4) we calculate the derivative in (4.2.5) as

%f(gp(x, Y, t)v ‘P(y7 Z, t))

= (@), o @) @) + gu(®), o(®))o(®))

d
= 2 (4p(2, 4p2w) 2w + 2q(2pe, 4p2w)pov)
= 8p1pwge + 32w PG, + 8pwpoPs + 4q1PovPe + 16G2wvpLP, + 2qU,
= G(8P1o2w + 4q1pov) + Bo(32p2w 3 + 8pwip, + 16gwvp? + 2q)
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where p;, ¢; are the derivative of p, ¢ respect to the i component (i = 1,2) and - is
the derivative with respect to t¢.

Note that the diffeomorphism ® is the identity at ¢t = 0, we have

r = p(r,y,0) = @.(u, w,0) + po(u, w,0)v

Then we have

1 1
Ye(u,w,0) = U wo(u, w,0) = 5 (4.2.6)

Using (4.2.6) and evaluating at ¢ = 0, we obtain

d . . 1
Ef(@(% y,t), oy, x,t))| = 290@(puw+quv)+4s00(pww2+pw+quv+§qv) (4.2.7)
t=0

Note that

@y(l', x, t) = (30€>U(2x7 Oa t) - 900<2x7 07 t)
It follows from ¢, (x,x,t) = 0 that
900('“7 0, t) = (QDE)U(U’ 0, t)
Hence, we can write
1 1
e(u,w,t) = Ju + g(u, w, )t Yolu,w,t) = 3 + h(u,w,t)t.
Therefore
1 1
(pe)ul(u,0,t) = 3 + gu(u,0,t)t ©o(u,0,t) = 5 + h(u,0,t)t.

Then we have

gu(u,0,t) = h(u,0,t)

In addition,

. d )
Pe = %%(u, w, t)]i=0 = g(u, w,0) = g(u,0,0) + §(u, w,0)w
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d ~
Po = Egpo(u,w,t)‘t:[) = h(u,w,0) = h(u,0,0) + h(u, w,0)w

where h(u,0,0) = g,(u,0,0) and g, h are arbitrary.
Now we redefine the functions g,f],fz such that ¢ : R — R, g,iz ‘R > R. It
follows that the RHS of (4.2.7) contains

~

2(g(w) + wj(u, w))(puw + qv) + 4(g (u) + wh(u, v))(Pew? + pw + guwv + %qv)

In [--- -] notation, we have
2§ [puw, guw] + 2h[2pw + 2p,w?, qu + 2y w?]
4+ 2g(u) (puw + quv) + 29" (w) (2ppw? + 2pw + 2q,wv + qu)
Since §(u, w), h(u,w), g(u) are arbitrary o invariant functions, we see that
([Puw, quw], [2pw + 2p,w?, qu + 2q,w%)) C RT(f)

Moreover, the dimorphism equivalence restricted tangent space includes the vectors

29(u)(puw + quv) + 29 (u) (2pww® + 2pw + 2q,wv + qu)
for arbitrary g(u). Therefore, now we have

([p, 4l la, wp), [wpu, wau], [2wp + 2wpy, qu + 2w?q,]) C RT(f)
Note that we can simplify ([p, q], [2pw + 2p,w?, quw + 2¢,w?]) into
{[p, ], lpw + 2puw?, 2q,w’))

Therefore, we have proved the ideal part of expression of RT(f) as follows

([p. dl, g, wp), [wpu, wau], [wp + 2w’py, 2w q.]) C RT(f)

Next we continue to find the vector part of RT(f). Note that in the definition of
RT(f), we require that ¢(0,0,¢) = 0 for all small . Then we have

22(0,0,0) = 4.(0,0,0) = g(0) = 0
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Therefore, g satisfies the following
g(u) = k1+2k2u+...+jkjujfl+”'

It follows that (g(u), ¢’'(u)) can be any element in the vector space spanned by
(1) (220 (v 3u)

It follows from (4.2.7) that the dimorphism equivalence restricted tangent space in-

cludes the vectors
w (pyw + quv) + ju’ 1 (2ppw? + 2pw + 2q,wv + qu)
where j = 1,2,.... Hence the {---} notation in the statements of Proposition 4.2 is
W jp - upy 4 2jwpe, ugy + 2jw4,]

for j=1,2,.... O]

Remark 4.3. Note that in Definition 3.3, we define the strongly dimorphism equiv-
alence. If we try to calculate the restricted tangent space of a strategy functions f in
the context of strongly dimorphism equivalence, we would go through similar calcu-
lations except that we will not have the vector terms in {---}. That is, the strongly
dimorphism equivalence restricted tangent space of a strategy function f = pw + qv
is

([p: al, la, wpl, [wpu, wau, [wp + 2w*pw, 207 qu])

Remark 4.4. In the definition of RT'(f), we require that ¢(0,0,t) = 0, that is, the
singularity is always at (0,0). However, a general perturbation of a strategy function
f does not always have this restriction. If this condition does not hold, we have the

definition of dimorphism equivalence tangent space, denoted by T'(f): the space of
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n(x,y) that satisfies (4.2.1) where (S, ®) satisfies all assumptions in (4.2.2) except
the one ¢(0,0,¢) = 0. To calculate the dimorphism equivalence tangent space T'(f),
we eliminate the restriction g(0) = 0. It lead to an additional vector R{[py, ¢.|} . We

will discuss this in detail in Chapter 6.

With Proposition 4.2 we can compute the dimorphism equivalence restricted tan-

gent space of a strategy function. Define

Z(f) = ([p, ql, lq, wp], [wpu, wa.], [wp + 2w Py, 2wq,)) (4.2.8)

Remark 4.5. In the proof of Proposition 4.2, we showed that there is an alternative

expression for Z(f) as below

Z(f) = ([p. ql, [g; wp], [wpu, wau], [2pw + 2puw?, qu + 2¢,w?)) (4.2.9)

Remark 4.6. Note that Remark 4.3 shows that Z(f) is in fact the restricted tangent

space of f in the context of strongly dimorphism equivalence.

Recall that a strategy s is a singular strategy if f,(s,s) = 0. Under the (u,v)
coordinates, since we assume that f(z,y) = p(u, w)w + q(u, w)v, we call a strategy s

a singular strategy if q¢(2s,0) = 0.

4.3 Modified Tangent Space Constant Theorem

The definition of RT(f) implies that if f + ¢n is dimorphism equivalent to f for all

small t, then n € RT(f). In the converse direction, we have Theorem 4.7.

Theorem 4.7 (Modified Tangent Space Constant Theorem). Let f be a strategy
function. If

I(f+tg) =Z(f) forallte]0,1] (4.3.1)

Then f + tg is strongly dimorphism equivalent to f for all t € [0, 1].
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Remark 4.8. The proof of this theorem is a modification of the proof of an analogous

theorem in bifurcation theory (see [12] Theorem 2.2).

Proof. In this proof, we use the alternative form of Z(f) as in (4.2.9). Suppose

I(f +tog) = Z(f) for some to # 0 and f = p’w + ¢'v, g = pw + ¢%v. Let

F(z,y,t) = f(z,y) + tg(z,y) (4.3.2)
We prove the statement in following steps. We show in order

(a) There exist smooth functions A(u,w,t), B(u,w,t), C(u,w,t) and D(u,w,t)
such that
9 = ¢
= A", ¢"] + Blg", wp"] + Clupy, way] (4.3.3)
+D[2wp” + 2w?pE wq" + 2wl
(b) F(x,y,t) is strongly dimorphism equivalent to f(x,y) for each ¢ sufficiently

close to 0.
(¢) F(z,y,t) is strongly dimorphism equivalent to f(z,y) for all ¢ € [0, 1].

We show (a). Note that for each fixed ¢, Z(f + tg) = Z(f) implies that there exist
functions A, B, C, D such that (4.3.3) holds. In (a), we imply that A, B, C, D can
be chosen to vary smoothly in ¢.

Choose tg near 0 so that
I(f +tog) = Z(f)

In particular, each generator of Z(f + tog) can be written as a linear combination
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of generators of Z(f). Therefore, there exist functions A;(u,w), B;(u,w), C;(u,w),
D;(u,w)for 1 < i < 4 such that
" +top?,a" +tog?] = Al q’] + Bilg!,wp!] + Crlwp], wa]]
+Dy[2wp’ + 2w?pl  wq' + 2wl
[a" +toa”, w(p’ +tep”)] = Aslp’, o]+ Bala’, wp'] + Colwpl, we]]
+Ds[2wp’ + 2w?pl w4 2w?q]]
[w(p), + topl), wa) +tog?)] = Aslp’, ¢’] + Bsla”, wp’] + Cs[wp], wal]

+Ds[2wp’ + 2w’pl, we’ + 2wq]]

is a 4 X 4 matrix whose entries

are smooth functions.

Next, for any strategy function h, let

", q"]
[q", wp"]

[wpl, wal]

[prh + 2w2pffj, wqh + 2w2qgj]
45

Rw(p’ + top?) + 2w (pl, + topt), = Aulp’, ¢’ + Bulg,wp’] + Culwp!, wal)
w(q’ + tog?) + 2w (gl + togs)] +Dy[2wp’ + 2w pl, wq! + 2wq]]
(4.3.4)
Rearranging terms in (4.3.4), we obtain a matrix equation
7, ¢’] ', q]
g4, wp? g’ wp’
| | =Q | | (4.3.5)
[wp, wq?] [wp, wq]]
[2wp? + 2w2pfv, wq? + 2w2qfv] [prf + 2w2p£, wq’ + 2w2q{:]
where
A1 —1 Bl Cl D1
0= 1 Ay B, -1 4 D,
bl 4, B, C,—1 D
Al Bl Cl Dl -1



Using this notation, rewrite (4.3.5) as

z(g) = Qz(f) (4.3.6)

By (4.3.2), f = F — tg. Therefore,

2(f) = 2(F) — t(g) (4.3.7)

Substituting (4.3.7) into (4.3.6) and rearranging, we find

(I +tQ)z(g9) = Q=(F) (4.3.8)

Observe that (4.3.8) is a system of four equations with smooth dependence on ¢. Since

I is invertible, I + (@ is also an invertible 4 x 4 matrix for small ¢. Thus (I +tQ)™*

is a 4 x 4 matrix whose entries are smooth functions in ¢. The invertibility of I + ¢Q)
and (4.3.8) imply

2(g9) = (I +1Q)'Q=(F) (4.3.9)

(a) follows from equating the first components on each side of the matrix equation

(4.3.9).
We show (b). Specifically, we construct a strongly dimorphism equivalence map-

ping (S(x,y,t), ®(x,y,t)) varying smoothly in ¢ and satisfying that

S(x,y, ) F(®(z,y,t),t) = f(z,y)
S(z,y,0) = 1
®(z,y,0) = (z,y) (4.3.10)
ooz, 2, t) = 1

oy(z,x,t) = 0

The functions ® and S are found by solving certain ODE’s. From direct calculation

in Proposition 4.2, we can write (S, ®) in the following form
S(x,y,t) = Se(u,w,t) + Sy(u,w, t)v
p(z,y,t) = pe(u, w, 1) + oo (u, w, t)v
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Now, we consider the following two sets of system of differential equations

Ge(u,w, 1) = —202wC (2, dpiw)
Go(u,w,t) = —4p3wD (2., 4pw)
) (4.3.11)
Qpe(uaw>0) = §u
1
o\ U, 70 = 3
Po(u, w,0) 5
and
Se(u,w,t) = —(SeA(20e, 40%Ww) + Sy B(2pe, 4p*w)2p,w)
So(u,w,t) = —(S,A(2¢,,4 zw + SoB(2¢,, 4 gw
( ) (SoA (2, 4pow) + SoB(2¢e, 4p,w)) (4312)
Se(u,w,0) = 1
So(u,w,0) = 0

where A, B, C, D are the coefficients in (4.3.3).
Suppose there exists solutions (¢e, @o, Se, S,) of the ODEs (4.3.11) and (4.3.12)
on a neighborhood of K x L x M x N and denote

[P, dla = p(®)w(®P) + ¢(P)v(P)
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Then we have

%(S(J;, Y ) F(®,4))
- %((Se + Sov) (p" (P)w(®) + ¢" (®)v(P)))
i

= (S + )| (" (@) (@)

+q" (®)v(®)) + (S + Sov)%[(pF(q))w(@) +q"(2)v(2))]

= (Se + S.0) (" (P)w(®) + ¢"(2)v(P))

d
+(S, + Sov)a(pF(%oe, 42, ) 42w + g7 (20e, 492, 1)2p0,0)

= Selp". ¢ e + Sov[p”, ¢ e + (Se + S,v)[(PL (2pe, 402, 1) (26, )42
+0E (206,402, 1) (8000 )42 + DT (20, 402, )800Po + P (20¢, 402, 1) 4w
+(qF (20, 402, 1) (260) 200 + 4E (206, 402, 1) (800%0) 200

+4" (20e, 492, 1)26, + qF (20¢, 402, 1)20,)0]

o

F F @e
S. + .5,
20, a7, wp"Je +(Se + v>(2903w
Po
+—4<,03w [2pr + 2w2p5, qu + 2w2q5]q> + [pf, qf]@)

o

= Se [pFa QF]<1> + [U)pf, wqf]q’

(4.3.13)

Note that in part (a), we have

9= ¢ = Ap", ¢" 1+ Blg", wp" |+ Clwpl , wgl ]+ D[2wp™ +2wpl, wq" +2w?ql).
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Therefore,

(Se + Sov)g(®)
= (Se+S.0) [, ¢%%e
(Se +S0)(A(@)[p", ¢ ] + B(®)[g", wp” o+
C(®)[wpy, , way Jo + D(®)[wp” + 2w’py, 2w qy]e)
= (Se +So0)A@)[p", ¢" o + (Se + Sov) B(®)[¢", wp' e
+(Se + Sov)(C(®)[wpy, , way Je + D(@)wp” + 2w’py, 2w?qy]s)
= S.A®)p", ¢ e + SoA(®)[g", wpTle + SoB(®)[g", wple + SoB(®)20.w[p", ¢ e
+(Se + Sov) (C(®)[wpy , way |o + D(P®)wp” + 2w’pl, 2u’q)]s)
= (SA(®) + S,B(®)20,w)[p", ¢" o + (SoA(P) + SoB(®))[g", wp” e

+(Se + Sov)C(®)[wp” , wqt e + (S. + S,v)D(®)[wp” + 2wk, 2w ¢l s

The right-hand side of (4.3.13) can be simplified considering the fact that (e, ©o, So, S1)
are the solutions to the ODEs (4.3.11) and (4.3.12). Then we have

d
—(S OF (D, t
dt( ($7y7 ) ('7 ))
— Se FF o F F
[p ,q]q>+2%[q ,wp o |
Pe Po
+(Se +Sov)(2¢gw [wpl, wal o + Tohw 2wp® + 2w?pl, 20wl s + [pf, af )

= —(SA(®) + S,B(®)20,w)[p", ¢ o — (SoA(®) + SoB(®))[¢", wp' o
+(Se + Sov)(—=C(®)[wpy;, way Jo — D(®)[2wp” + 2w’py, 2w qy]e + 19, ¢]s)
= 0
Hence,

S(x,y,t)F(®(x,y,1),t) = S(z,y,0)F(®(r,y,0),t) = f(z,y)

In other words, F'(z,y,t) = f(x,y) + tg(z,y) is strongly dimorphism equivalent to
f(z,y) when ¢ is small enough around 0.

Now we show that (., ©,, So, S1) can be chosen to satisfy all conditions in (4.3.10).
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Note that all conditions are explicitly expressed in the ODEs (4.3.11) and (4.3.12)

except @ (x, x,t) =1 and ¢, (z,2,t) = 0. In Proposition 4.2, we showed that

(Py(f,%,f) = (§0€>U(2x707t) - Q00(2$,0,t>

Therefore with ODEs (4.3.11) we have

e, 1)) = (a2, 0,0) + 0(22,0,1)

- (¢€)U(2x7 O7t) + ¢o(2x7 O; t) — 0 + 0 - 0

(o, 2.1)) = L ((0)ul20,0.1) — 0u(22,0.1)

- (¢3)u(2x7 07t) - SO'O(QI') 07 t) — O - O - O

Hence

Or(z,2,t) = (e)u(22,0,t) + po(22,0, 1)
= (906)U(2I7 07 O) + @0(2'177 07 0)

=1

1 N 1
2 2
pr(x’ Z, t) = (906)uu(2m7 0, t) - 900(253’ 0, t)
= (Soe)U(Qxa 0,0) — ¢o(22,0, 0)

1

=0

_L1
2 2
This means that the solution (@, ¢,, S, S1) are the solutions to the ODEs (4.3.11)
and (4.3.12) and satisfy all the conditions in (4.3.10).

The standard existence theorem for ODEs with smooth dependence on parameters
implies that there exists intervals K x L x M x N where the ODEs (4.3.11) and (4.3.12)

have unique solutions. Therefore, (b) holds.

We show (c). Define t; and ¢ in [0, 1] to be equivalent if f + t;g is strongly

20



dimorphism equivalent to f + tg. We claim that (b) implies equivalence classes of

t’s in [0, 1] are open. To verify this, assume h = f + tog for some ty € [0, 1]. Then,
Z(h+sg9) =Z(f + (s + to)g) = Z(f) = Z(h)

for all s sufficiently near 0. By part (b), h + sg is strongly dimorphism equivalent to
h for all s near 0. Thus f + tog is strongly dimorphism equivalent to f + tg for all ¢
near ty and the equivalence class for t’s are open.

It follows from compactness of [0, 1] that there is exactly one equivalence class.
Hence, part (c) holds and f + tg is strongly dimorphism equivalent to f for all

t eo,1]. 0
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CHAPTER 5
RECOGNITION OF LOW CODIMENSION
SINGULARITIES

This chapter is devoted to proving Theorem 5.1. Note that strategy functions f have
singularities at (0,0) and all derivatives of f are computed at (0,0) unless otherwise

indicated.

Theorem 5.1. Suppose f = p(u, w)w + q(u, w)v is a strategy function with a singu-
larity at the origin. Then f is dimorphism equivalent to the normal form in Table 5.1
if and only if the corresponding defining conditions and non-degeneracy conditions in

Table 5.1 are satisfied.

In this theorem, we apply the modified tangent space constant theorem (The-
orem 4.7) to solve the recognition problem for low codimension singularities under
dimorphism equivalence. To prove this theorem, we use Nakayama’s Lemma (cf. [12,

Chapter 2]), which we now state.

Remark 5.2. In this thesis £ is the ring of functions z(u,w) (defined on a neighbor-

hood of the origin) and M is the maximal ideal in £ generated by wu, w.

Lemma 5.3. [Nakayama’s Lemma]. Let T, J C E* be a finitely generated E-modules.
Then
ITCJ ifandonlyif TCJ+ MI
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Def ND TC Normal Form h
(a) — p 0 e(w + pouv)
B G
u e=sgn(p)  po=—
p
(b) D Qu 1 e(dw? 4 uv)
Pwu — Puluw €= Sgn(Qu) 0= Sgn(pru - quw)
(c) Qu p 1 (€ + pou)w + duv
6quupu - 2]?%3
Guu e=sgn(p) 6 =sgn(quu)  po= R A
(d) D Qu 2 e(dw?® + uv)
Pwlu — Pufuw A €= Sgn(Qu) 0= Sgn(A>
Qu P ew + (0u® + pou®)v
(e) Guu Qs 2 e=sgn(p) 0 =sgn(qu)
—T720pw2q2s + 60puqus qus — 15pqa + 12pqusqus
Ho = € 3
40q,5
(f) p Pus Qs Quus | 2 e(uw + (cow + Bou?)v)
QU/ quu
Qu pi - ququu €= Sgn(pu) Qp = — /60 =
Du 2py,

Table 5.1: Solution to recognition problems for singularities up to topological codi-

mension two for strategy functions f with a singular strategy at (0,0). (Def = defin-

ing conditions. ND = non-degeneracy conditions. TC = topological codimension.

A = @ (quPuww — Puluww) + C(GuPun — PuGun) — 2GuGu(@uPuw — PuGuw))

Proof of Theorem 5.1:

(a) First, we show that f is dimorphism equivalent to e(w + pouv) if the corre-

sponding defining and non-degeneracy conditions in Table 5.1 are satisfied.

We can write the strategy function f = pw + qv into the form

p=p and q=uq +wge
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where p(0,0) # 0 and ¢;(0,0) # 0. We calculate Z(f). With formula (4.2.8),

we have
p.qdl = [p,uq +wq,]
lg,wp] = [ugi + wgs, wp]
[wpu, wq] = [wpu, w(gr +u(g)u +w(g2)u)]
[wp + 2w’py, 20q,] = [wp + 2w py, 20 (u(q1)w + G2 + W(G2)w)]

We claim that [M, M?] € Z(f). With Nakayama’s Lemma, we need to prove
(M, M CZ(f) + [M?, M7

Let J = Z(f) + [M?, M?]. We have

Mlugy + wge,wpl € J = [0,wM] €T

0, wM],wp,uq +wg] €T = [w,00€T

[w, 0], [0, wM], [wpu, w(q: + u(q1)u + w(g))] €T = [O,w]eT
[w, 0], [0, w], [uqi +wg,wp] € T = [u,0] € J

[, 0], [0, wM], ulp,ugi +wgl € T = [0,u*] € T

Thus we have proved the claim that [M, M?] C Z(f). Therefore, J = Z. The

above calculation shows that
([w, 0], [u, 0], [0, w], [0, u’]) C Z(f).
Denote
K = ([w,0], [u, 0, [0, w], [0, u*])
We know that
Z(f) = K+ ([p(0,0),uq: (0, 0)])

Since for any strategy function h inside the module IC, f + th satisfies all the

defining and non-degeneracy conditions of the theorem. Thus we know that

I(f +th) = Z(f)
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for all h € K, t € [0,1]. According to Theorem 4.7, we know that f + h is

dimorphism equivalent to f. So we can assume that f is in the following form:

f = poow + qrouv

where
poo = p(0,0) #0 q10 = qu(0,0) # 0
Next, we will try to further simplify the form of the strategy function f with

specific dimorphism equivalence transformation.

As discussed earlier, for any h € K we have

Z(f) =Z(f + h)

Thus in the following calculation, we can modulo IC, that is, we will ignore all

terms in K during the dimorphism transformation.

Let (S, ®) satisfy that
S=8.4+S5v  ®=(pe+ P, P — PoV)
where Se, S,, o, ¢e € €. In Proposition 4.2, we show
u(P) = 2¢p, v(P) = 2p,v w(P) = dp w

(pe(ov 0) =0 (Qpe)u(uv 0) = ¢o(u7 O)

Now consider the case when

S, = —
Poo
S, =0
_1
906_21’[’
_1
(100_2



By the definition of dimorphism equivalence, we know f is dimorphism equiv-

alent to g = Sf(®). That is,

Sep(P)(402) + Soq(P)(200))w + (Seq(P)(205) + Sop(P) (4l )w)v

€+ p"(u, w))w + (e?u + ¢"(u, w))v
00

(
= (Sep(P)w(®) + Soq(P)v(P)v) + (Seq(®)v(®) + Sop(®)w(®)v)

(

(
where [p",¢"] € K. Therefore, we have shown that f is dimorphism equivalent
to

e(w + prouw)

where at (0,0)

Qu
e=sgn(p)  po=—
p

At the end, we prove that if f = pw + qv is dimorphism equivalent to
h = e(w + pouv)

where gy # 0 and the singularity is at (0,0), then the corresponding defining
and non-degeneracy conditions in Table 5.1 hold. The dimorphism equivalence
indicates that there exists a dimorphism equivalence transformation (5, ®) such

that f = Sh(®) and we can write
S =8+ S,v D = (Ye + PV, e — PoU)

where at (0,0)

S. >0 Ve

0 (Soe)u =@, >0
Then we have
f=pw+qu=(Se+ S,0)e(4p>w + p1odPepov)
= €[(402Se + 4pe0oSotto)w + (4pepoSetto + 4piwS,)v]
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Therefore,
p = (4025 + 4pepoSolio @ = e(4pepoSepio + dpiwS,)
So we know that at (u,v) = (0,0)
p=4eplS. 0 q=0  qu=4(pc)upoSeetio # 0
Now we have completely proved part (a).

First, we show that f is dimorphism equivalent to e(dw?+4-uv) if the correspond-

ing defining and non-degeneracy conditions in Table 5.1 are satisfied.

Since p(0,0) = ¢(0,0) = 0, using Taylor Theorem, we can write
p(u, w) = prou + pow + r(u,w) q(u,w) = qou + gnw + s(u, w)
where
r(u,w),s(u,w) € M® po=pu P =Pw  G0=Gu o1 = Gu

The assumptions indicate that g9 # 0 and pp1gi10 — p10go1 # 0. We claim that

Z(f) is independent with all r(u, w), s(u, w).

Now we show that [M?* M?] C Z(f). Recall the formula (4.2.8)

Z(f) = ([p. 4}, la, wp], [wpu, waq,), [wp + 2w’py, 2w q,))

To apply Nakayama’s Lemma, we need to show

[M?, M?] C Z(f) + [M*, M?].
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Denote J = Z(f) + [M?*, M?], we have

u[prou + porw + r(u, w), grou + gorw + s(u, w)) e J
w[p1ou + porw + r(u, w), grou + gorw + s(u, w)] e J
u[quou + qorw + s(u, w), prouw + porw? +wr(u,w) € J
wlgrou + gorw + s(u, w), prouw + pow* +wr(u,w)] € J
ulprow + 1y (u, w), Grow + sy (u, w)] e J
w[prow + ry(u, w), grow + Sy (u, w)] e J

Note that [M?, M?] C 7, so

[p10u” + porvw, qiou”® + gnuw] € J
[prouw + porw?, qrouw + guw?] € J
[qr0u? + goruw, O] e J (5.0.1
[qrouw + go1w?, 0] e J
[prouw, grouw] e J
[prow?, qrow”] e J

Since [M?, M?] has a basis {[u?,0], [uw, 0], [w?,0], [0, %], [0, uw], [0,w?]}, we
claim that the vectors in (5.0.1) are independent according to the this basis.

Note that the corresponding matrix is

pio Por 0 qo g1 O

0 pwo p1 0 qio qou
qio ¢ 0O 0 0 O
=" " (5.0.2)
0 qo g O 0 0

0 po 0 0 qo O

0 0 po O 0 qo

Since the determinant of the matrix 71" is

det(T) = ¢}y (p10gor — Por1qio) # 0
58



Therefore, we have proved that [M? M?] C J. By applying Nakayama’s
Lemma, we have proved [M?* M?] C Z(f) if the corresponding defining and
non-degeneracy conditions in Table 5.1 are satisfied. Hence, we know
I(f) = Z(f) + [M* M?]

= ([p,dl, [q, wp], [wpu, wau], [wp + 2w Py, 2w qy]) + [M?, M?]

= ([p1ou + porw, qou + gorw], [qrot + gorw, 0], [prow, qrow]) + [M?, M?]

= Z(((prou + porw)w + (qrou + gorw)v)) + [M?, M?]

= Z(((prou + porw)w + (qrou + go1w)v))
This proves the claim that Z(f) is independent with r(u,w), s(u,w). So by
Theorem 4.7, we know f(x,y) = p(u, w)w + q(u, w)v is dimorphism equivalent
to

(p1ou + porw)w + (grou + gorw)v

where pig = pu, Po1 = Pw, ¢10 = Qu 7é 0, go1 = qw and poi1gio — P1ogor 7é 0.

Next we will further simplify the function ((piou + pow)w + (giou + gorw)v)
with a specific dimorphism equivalence transformation modulo M? x M2, From

here, we can assume
f(z,y) = (Prou + pnw)w + (qrou + gorw)v

where q10 # 0, po1¢i0 — P10go1 # 0.

Let (S, @) satisfy that
S=8c+8Sv = (pc+Pov, P — PoV)

where Se, S,, o, @ € £. Note that in Proposition 4.2, we showed

u(P) = 2¢, v(P) = 2p,v w(®) = dp>w

‘pe(()? 0) =0 (@e)u(uv 0) = QOO(U, O)
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Now consider the case when

g — 0 (p01Q10 - plOQ(n)

66]?0
S — plo(\/5 (Po1q10 — P10go1))
o— 3
€d1p
_ 66]10(\/5(2001(]10 - p1oQ01)u - QOlw)
‘ 25(2901(]10 - plo%l)
€410
Po

- 2\/5(29016110 - plo%l)

where
€= Sgn(CIlo) 0= Sgﬂ(ﬁoﬂho - p10%1)

Therefore, f is dimorphism equivalent to

g(z,y) = (Se+ Sov)f(P(z,y))

= (e + Sov)((prou(®(, ) + porw(®(z,y)))w(®(z, y))

+(qou(®(z,y)) + gonw(P(z, y)))v(P(z, y)))

= (Se(prow(®) + porw(®)) + So(qrow(P) + gorw(P)))w(P)
+(So(P1ow(®) + porw(®)) + Se(qrow(®) + qor1w(®)))v(P)
((P10Se + q105,)u(®) + (Po1Se + go1.5)w(P))w(P)+
(q10Scu(®) 4 go1 Sew (P))v(P) + h.o.t
= ((P10Se + 1105020 + (PorSe + g1 So)40ow) dgow+
(41059200 + qo1.Sedp2w) 2000 + h.o.t

= e((0w + p"(u, w)) + (u + ¢"(u,w))v)

where [ph, qh] € [M?, M?]. Thus, we have shown that f is dimorphism equiva-
lent to

g = e(0w* + uv)

as long as p =0, ¢ =0, g, # 0 and py,qy — Puduw # 0.
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At the end, we prove that if f = pw + qv is dimorphism equivalent to
h = e(6w?® + uv)

with the singularity at (0, 0), then the corresponding defining and non-degeneracy
conditions in Table 5.1 hold. The dimorphism equivalence indicates that there
exists a dimorphism equivalence transformation (S, ®) such that f = Sh(®)

and we can write
S=5,+80 &= (p+ 0ov,Pe — Pov)

where at (0,0)

S, >0 0. =10 (pe)u =0 >0

Then we have
f=pw+ qu = e(165p2wS, + 40 0sS,)w + €(4peoSe + 1652w S, )v
Therefore,
p = €(160p,wS, + 4pepoSo) ¢ = €(4peipoSe + 16005w?S,)
So we know that when (u,v) = (0,0)
p=0 ¢=0  qu=4€(pc)upoSe #0

and

Pwu — Pulw :<16590§Se + 4(906)11)90050)((4906%90056)

- (4(906>u90030)(4(§06)w90056)

=166¢2S. # 0

Now we have completely proved part (b).
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(c) First, we show that f is dimorphism equivalent to
(€ + pou)w + duv

if the corresponding defining and non-degeneracy conditions in Table 5.1 are

satisfied.

Define
K = ([u*,0], [w,0], 0,4, [0,w?], [0, uw])

We claim IC C Z(f).
We use Nakayama’s Lemma to prove this claim. So we only need to show

KcCZ(f)+ MK.

Denote J =Z(f) + MK. We assume that

p(u,w) = poo+ Prou + porw + DPaou? + paou® + Plu, w)

q(u,w) = gow + gaou® + qriuw + goaw® + gaou® + quou’ + gsou® + 4(u, w)

where

Puiwi Quiwi ~ ~
Dij = il (0,0) ¢ = Z-!—j‘(ovo) Poo#0 g #0 [plu,w),j(u,w)] € MK

From the construction of M/, we know that for any choice of

we have

[p(u, w), 4(u, w)], [§(u, w), wpu, )}, [wgu(u, w), W (u, w)],

[wp(u, w) + 2w Gy, (u, ), 2w Gy (u, w)] € MK. (5.0.3)
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Then by definition of Z(f), we obtain

[Poo + Prou + porw + Paoti® + paou®,

Goot” + qoaw + qoaw® + qriuw + gou® + quou’ + Q50U5] eJ

[g20u® + qorw + qsou®, poow + prouw + porw?] eJ
[Prow, 2qa0uw + qr1w?] ceJ
[Poow, 2qo1w”] eJ
Therefore,
wlgaot® + gor1w + gsou®, poow + prouw + porw?] = [0,poow’] €T
[Poow, 2q01w?] — 2q01b[0, w?] = [poow, O] eJ
[p1ow, 2g20uw + qr1w?] — q11[0, w?] — pro[w, 0] = [0,2¢uw] €J

U[Q20U2 + go1w + g3ou”, Poow + prouw + p01w2]
—go1u|w, 0] — (poo + prow + por1w)[0, uw] = [Q20U3, 0] cJ
u? [Poo + Prou + pow + Paott® + paou®,

Goot” + qo1w + qoaw® + qriuw + gaou® + quou’ + %0“5] = |0, Q20U5] eJ

This proves the claim that K C Z(f) as long as

Therefore, by definition, we have

Z(f) = {lp,ql, g, wpl, [wpu, wau], [wp + 2wpy, 2w q,])
= K+ ([poo + prou + Paot’, ga0tt” + gorw + gaou’ + (J40U4]7 [Q20U2,P00w]>
= K+ R{[poo + piou + paoti®, g20u® + gorw + gzou’ + qaou’],

[Poou + P1oU’, gaou® + C]30U4]> [p00u2, Q20U4], [C]20U2, Poow]}

The expression of Z( f) indicates that for any h € K, it can not change the form
of Z, that is

I(f +th) = Z(f)
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holds for all h € IC, t € [0, 1]. Therefore, according to the Theorem 4.7 we know

that f is dimorphism equivalent to the function
(poo + prou + p20u2)w + (CI2OU2 + go1w + gzou® + Q40U4)U

In the following, we can just work on this simplified function. Next, we use a

specific dimorphism equivalence transformation to simplify f modulo .

Let (S, @) satisfy that
S=8c+8Sv = (pc+Pov, P — PoV)

where Se, S,, o, @ € £. Note that in Proposition 4.2, we showed

u(P) = 2¢p, v(P) = 2¢p,v w(P) = 4w

906(0’ 0) =0 (@e)u(“ﬂ 0) = 900<U7 0)
Now consider the case when

§ — T30 _ 5Q30u
e~ "3 2
€Poo Poo
51?0019209%06 — dPooP10930920€ — 6]9(2)0@4061206 + 6p30q§06 - 56]1(]5’06 0
3 2
Pood20

+

_ 4

Pgo
_ €Poo
_25(]20
_ €Poo
_25(120

So =

wt €poo (—PooP2095y + PooP10930G20 + Paod40G20 — ProTao + q1d50) W3
25@30

e

o

where

€= Sgn(?oa) 0= sgn(q20)
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Therefore, f is dimorphism equivalent to

Sf(@) = (Se+ Sov)(p(P)w(®P) + ¢(P)v(P))
= (Se + Sov)((Poo + P102¢e + Paod?)dpw

+(go0de? + qo1d2w + g308¢2 + 101610} ) 20,0)
6 _
= (e+ (p10q2(;2 pOOQ3O>u + " (u, w))w + (6u? + ¢"(u, w))v
20

where [p", ¢"] € K. Therefore, we have shown that f is dimorphism equivalent
to

(€ + pou)w + duv

where

Lo = 5%Quupu - %pQUuu

e = sgn(p) 0 = sgn(Guu) L2
14uu

At the end, we prove that if f = pw + quv is dimorphism equivalent to
(€ 4+ pou)w + Suv

with the singularity at (0, 0), then the corresponding defining and non-degeneracy
conditions in Table 5.1 hold. The dimorphism equivalence indicates that there
exists a dimorphism equivalence transformation (S, ®) such that f = Sh(®)

and we can write
S = Se + SOU O = (()06 T YoV, Pe — (IDOU)

where at (0,0)

Se>0 =0 (pc)u=po>0
Then we have
f = pw+qu = [4€*(e42p0p0) Se 850700 So W+ [Ap] (424000 )wSo+80G2 P Se]v
Therefore,

p= 4(,03(6 + 2uope)Se + 85903%50 q= 4903(6 + 2pppe)wS, + 85g0§90056
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So we know that at (0,0)
p=4eg #0  q=0 =0 qu=85()ipoSc # 0
Now we have completely proved part (c).
First, we show that f is dimorphism equivalent to
e(dw® + uv)

if the corresponding defining and non-degeneracy conditions in Table 5.1 are

satisfied.

Since at (0,0) we have
q=0  p=0  Pulu—DPuGw=0  q#0
Then we can write

p(u, w) = prou + porw + Poot® + priuw + popw® + ﬁh(% w)

q(u, w) = quou + go1w + gaou” + qriuw + goaw” + cjh(u, w)

where

o Puiwi o Quiwi . o
Dij = il (0,0) ¢y = il (0,0) p1ogo1 — Po1gio =0 @10 #0

and p", ¢" are order 3 respect to u, w.
Let (S, ®) satisfy that
S=S5.+S,v D = (e + PV, e — PoV)

where Se, S,, ©,, @e € £. Note that in Proposition 4.2, we showed

u(P) = 2¢, v(P) = 2p,v w(P) = 4w
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(106(07 0) =0 (Qpe)u(ua 0) = on(u7 0)

Now consider the case when

‘ 2 2q10
- 1
Po = 9
[ —
q10
€ € —
g, =— ]?210 + (p10QQO - (J10p20)u
dio 1o
+ 6[2%1 (plof.Izo - C_I10p20) + (]10(]9106]11 - C]lopll)] w
4
d1io

where € = sgn(qyp). Therefore, f is dimorphism equivalent to g = S f(®) and

9 = (Se+50)(p(®)w(®) + q(P)v(P))
= (Sep(®)w(®) + Soq(P)v(P)v) + (Seq(P)v(P) + Sop(P)w(®)v)

= [qT(Q%o(%opm - p10%2) + Q§1(Q10p20 - p10Q20)
10

—q10901 (q10P12 — Progu))w® + plu, w)w + (eu + §(u, w))v

where p is order 3 and ¢ is order 2 respect to u, w. Let

D22 = qi%()(q;o(%opw — P10goz) + qg1(£]10]920 — P10G20) — Groqo1(qr0P12 — P1oqi1))
d = sgn(pa2)
We know that f is dimorphism equivalent to
9= (e + pu w))w + (eu + Glu, )

Note that in the assumption, we have

@ (quPuww — Puluww) + 4 (QuPun — Pulun) — 29uGu(QuPuw — PuGuw) 7 0

That means

Paz # 0
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Therefore, we can further apply the dimorphism equivalence transformation

(S, ®) satistying that

S = vV 5]522

o= %(5]522)_‘1‘[@ - %(51522)_

NS

Guw (0, 0)w?) + ]
Then we know that ¢ is dimorphism equivalent to

G="59(®) = /0pa((epr(0h22) " + B(P))(6p22) 2w

H(e(02) (1w — 5 (0p22) ™1 (0, 0)w?) + G(®)) (30)~ 10]
= (edw? + pM)w + (eu — %(5]522)_2%1:1(07 0)w? + (0p22) 1G(®))v
Let
7" = — 5072 Gun(0,0)0* + (572) (8

From the form of ® and the fact that ¢ is order 2 respect to u,w, we know

NI
PN

_ 1, 3. _ 1. o
., = _5(51722) Guw(0,0) + (6p22)* - 5%0111(0; 0) - (0p) " =0

Thus, we have shown that given any strategy function f = pw + gv that sat-
isfies the corresponding defining and non-degeneracy conditions in Table 5.1 is

dimorphism equivalent to
(edw? 4+ pMw + (eu + §")v (5.0.4)
where

€ = sgn(qu)

§ = 8en(¢2(quPuw — Puduw) + € (GuPuu — Pulun) — 2¢u@u(GuPuw — PuGuw))

and

" e O 4+ w?) q" € O(u? +w?)
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with additional assumption that

~h :0

qu

Next, we will show that any strategy function in the form of (5.0.4) is dimor-

phism equivalent to e(dw® + uv). Let
fi = (edw?® + tp™M)w + (eu + t§")v
where t € [0,1]. To apply Theorem 4.7, we will show that
Z(fo) = Z(f2)
With the formula (4.2.8) and that

fr = (6w? + tp")w + (eu + t§")v

we have
p,q] = [bew? +tp", eu + "]
[, wp] = [eu+tq", dew® + twp"]
[wpu, wa] = [twpl, we + tq,)]
[wp + 2w?py, 2w?q,] = [Bdew?® 4 twp” + 2tw?p | 20w

We claim that [M? M?] C Z(f;). With Nakayama’s Lemma, we need to prove
(M M?) CZ(fi) + (M, M

Let J = Z(f;) + M* x M3, Since p" € O(u® + w?), " € O(u® + w?), we know

Boew® + twp" + 20wl 200 € T = w0 e T
Mleu +t§", dew® +twp") € T = [uM,0] € T
[w?,0],[uM, 0l € T = [M>0eJ

Mpew? +tp" eu+ti"1 € J = [0, uM] € T
Mtwpy, we+tq) € T = [0, wM]e T

0, uM],[0,uM] €T = [0,M*eT
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Now, we have shown that [M?* M?] € Z(f;). Therefore, we know
J =I(f)

Then we have

[uM, 0] € Z(f1)

I(ft> = [M37M2] + [UM7O]
+[ 7q] + [QJ U)p] + [wpuu wCIu] + [wp + 2w2pw, 2w2qw}
= [M?, MP] + [uM, 0] + [6w?, eu] + [eu + tqy,, (0, 0)w?, 0] + [0, ew]

Note that we have an assumption that §" (0,0), then we know
Z(f) = [M?, M?] + [uM, 0] + [Sew?, eu] + [eu, 0] + [0, ew]
With similar deduction, we can also show that
Z(fo) = M3, M?] + [uM, 0] + [Sew?, eu] + [ew, 0] + [0, ew)

Therefore, we have proved
Z(f:) =Z(fo)

for any t € [0,1]. According to Theorem 4.7, we can conclude that f = f; is
dimorphism equivalent to fo. That is, f is dimorphism equivalent to €(dw® +uv)

where

¢ = sgn(qu)

§ = sen(¢2(GuPuww — PuGuw) + ©o(QuPun — Pulun) — 264w (GuPuw — PuGuw))

At the end, we prove that if f = pw + qv is dimorphism equivalent to

e(dw® + uv)
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with the singularity at (0, 0), then the corresponding defining and non-degeneracy
conditions in Table 5.1 hold. The dimorphism equivalence indicates that there
exists a dimorphism equivalence transformation (S, ®) such that f = Sh(®)

and we can write
S = Se + SO/U d = (Qpe T YoV, Pe — SOOU)

where at (0,0)

S, >0 0, =10 (pe)u = o >0

Then we have

f =pw+ qu = e(Se + SOU) ((564(,0271}3 + 4()06900U)

= (6405w S, + 4eepoSo)w + (4€pepoSe + 640epiw? S, v
Therefore,
p = 640eSw?S, + depep,S, q = 4€0opS, + 640epSw? S,
So we know at (0, 0)
p=0 q=0  qu=4€(Pe)upoSe # 0

Pwlu — Pulw = 4(906)741@0050 : 4(906)u90036 - 4(906)UQ0050 : 4(@6)1090056 =0

@2 (QuPuww—PuGuww) + 0 (GuPrn—Puun) —2Gu G (QuPrw—Puuw) = 81925(0e)3 0252 # 0

Now we have completely proved part (d).
First, we show that f is dimorphism equivalent to
ew + (6u® + pou’)v

if the corresponding defining and non-degeneracy conditions in Table 5.1 are

satisfied.
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According to the assumptions, we know at (0,0)
1=¢u=0qu=0 p#0  Guuu#0
Thus we can write the strategy function f = pw + quv into the form
p=p ¢=wq+ug

where

p(0,0) #0  ¢2(0,0) #0

First we calculate Z(f). With formula (4.2.8), we have

p,d) = [p,wa +u’g)
lg,wp] = [wqr +u’qe, wp)
[wpu, wga] = [wpu, w(w(qr)y + 3u’ge + w’(gs))]
[wp + 20py, 20%q] = [wp + 2w Py, 20 (1 + W(G1)w + 47 (g2)w)]

We claim that [M®, M®] C Z(f). With Nakayama’s Lemma, we need to prove

M5 M8 C Z(f) + [ME, MO
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Let J = Z(f) + [M®, M?]. We have

MPlwg +ulq,wpl € T =  [0,wM’] € T

M wp + 2wy, 20 (g1 + w(q)w + v (@))] €T = [wM 0] €T
wM3wg, + g, wpl € T = [0,w*M? e T

MP[wp + 2wy, 20 (g1 + w(q)w + v (@))] €T = [wM? 0] €T
wMlwg + wig,wpl € J = [0,wPM* e T

M2 [wp + 2wpy, 20 (1 + w(q)w + v (@))] €T = [WM? 0] €T
wMlwg + g wpl € T = [0,w*M]e T

Mwp + 20 py, 20 (1 + w(@)w + v (@) €T = [WM,0] €T
wlwg +u’g,wpl € T = 0,w?] € J

[0, w?], [wp + 20y, 20 (@1 + w(g1)w + v*(@)w)] € T = [w,0] € I
[w,0], [0, v, wlp,wq + v’g] €T = [0,wu’] €T

[w,0], [0, w?], [wpu, w(w(gr)u + 3u’ga + w(gs)) €T = [0,wu’] €T
[w, 0], [0, wu?], u*[wg + v’q,wp] € T = [w’,0] € T

[4°, 0], [0, wu?], w’[p, wqy + v’ € T = 0,u*] € J

Thus we have proved the claim that [M° M?®] C Z(f). Let
K = ([w, 0], [w”, 0], [0, w?], [0, w*w], [0, u]) € Z(f)

The calculation indicates that as long as f satisfies the corresponding defining
and non-degeneracy conditions in Table 5.1, we always have K C Z(f). That

is, any strategy function h inside the module K satisfies that
I(f +th) =Z(f)
for all ¢ € [0, 1]. According to Theorem 4.7, we know that f + h is dimorphism
equivalent to f. So we can assume that f is in the following form modulo X:
f =(poo + prow + p2ot® + psors”® + paou*)w + (qorw + qruw
+ gsot” + qaou’ + gsot”’ + geou’ + qrou’ v

73



where

_ DPuiws

P = S

Next, we will try to further simplify the form of the strategy function f with
specific dimorphism equivalence transformations. As discussed earlier, all terms
in the module K can not change the form Z(f). Thus we cam modulo K when

performing the calculation, that is, we will ignore any terms in K during the

(0,0)

Quiwi
i

(0.0

qij =

dimorphism transformation.

Let (S, @) satisfy that

S =25,

and consider the case

+ S,v

¢ = (906 + PoU; Pe — SOOU)

1 Poo€ P10930 — Pooq40 o
Ve ==(4 | —=u+ €6 u
2 ( q300 @ )
1 Poo€ P10930 — Pooq40
Vo ==(4 | ——= + 2¢6 U
? 2( q300 q§0 )
g :Q305 —9p10g30 + 4p00€740u
Pgo vV pgoq?>o€5
Le 16p%0q30 — 28Poop10930G40 + 13P30q30 — PRod30G50 >
pgoqgo
_ 300 410901930 — P00q11930 — 2P00G01940
SO = — (o1 5 + € 3 u
Poo€ Poo930

where ¢ = sgn(poo), 0 = sgn(gao).
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By the definition of dimorphism equivalence, we know f is dimorphism equiv-

alent to g = Sf(®). That is,

9 = (Sc+5:0)(p()w(®) + ¢(®)v(P))
= (Sep(P)w(®) + Soq(P)v(P)v) + (Seq(®)v(®) + Sop(®)w(®)v)
= (Sep(®)(43) + Soq(P)(2¢0))w + (Seq(®)(200) + Sop(®) (45 )w)v
= (e+ psot® + paors* + P (u, w))w
+(6u® + Gsou® + Geou® + Grou” + ¢ (u, w))v
where

2 2

- —P20930 1+ P10930940 — Pooqs0 + P00q30950 h o~

G50 = € 30 7 - [ph; qh] K
30

Next we take another dimorphism equivalence to reduce terms psg, Pao, Gs0, G70-

Let (S, @) satisfy that
S = Se + SOU o = (Qpe + VoV, Pe — SDOU)

and consider

1 1 1
Ve = =(u+ (—4epy + 5667)u4 + (—=€eps + 55(]7)u5)

2 2

1 1 1
o = 5(1 + 4(—4epy + 56G7)u® + 5(—56254 + 5557)“4)

Se =1+ (—Teps + 8Gs)u® + (—eps + 6 )u’

So=0

By the definition of dimorphism equivalence, we know ¢ is dimorphism equiva-

lent to g = Sg(®). That is,

= (Se + 5v)(p(®)w(®) + q(P)v(D))
= (Sep(®)w(®) + Soq(P)v(P)v) + (Seq(P)v(P) + Sop(®)w(P)v)
= (Sep(®)(493) + Soa(®)(200))w + (Sea(®)(20) + Sop(P) (43)w)v
= (e+p"(u,w))w + (6u® + Psou® + ¢" (u, w))v
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where

~ ¢ —pzoq§o + P10930940 — poofﬁo + P00930950

d50 = 3 [pthh] € IC
a3

This shows that g is dimorphism equivalent to g, so f is dimorphism equivalent

to

ew + (6u® + pou’)v
where

e=sgn(p) 0 =sgn(qu)
1 2 1 1 2 1
—12Pu2q,3 + 122 Puldu3Qut — 576P4,,4 + 790 Pu3 ud

T3
216 4u3

Ho = €
At the end, we prove that if f = pw + gv is dimorphism equivalent to
ew + (0u® + pou®)v

with the singularity at (0, 0), then the corresponding defining and non-degeneracy
conditions in Table 5.1 hold. The dimorphism equivalence indicates that there
exists a dimorphism equivalence transformation (S,®) such that f = Sh(®P)

and we can write
S=54+5v  ®=(pe+ Lo, Pe — Pov)

where

S, >0 we =0 (pe)u = o >0

at (0,0). Then we have

[ =pw+ qu =[4e0?S, + 2(80¢? + 32110¢?) 0 S,|w

+ [dp2ewS, + 2(80d* + 32p0%2) powSev
Therefore,

p= 46@356 + 2(85902’ + 32;1@902)%5’0 q= 49056’&050 + 2(85902’ + 32u0g0§’)<powSe
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So we know at (0,0)
p= 4690356 # 0 q = 0 qu = 0 Quu = 0 Quun = 965(()06)3 # 0
Now we have completely proved part (e).

First, we show that f = pw + qu is dimorphism equivalent to
e(uw + (ow + Bou?)v)

if the corresponding defining and non-degeneracy conditions in Table 5.1 are

satisfied.
According to the assumptions, we can perform the dimorphism equivalence

(S, ®) that satisfies
€

G —
p.(0,0)

where € = sgn(p,(0,0)). Then by the definition of dimorphism equivalence, we

® = Identity

know f is dimorphism equivalent to f = Sf(®). That is,

- G _. b a
f N Sf(CD) B pu(0> 0) <pw * qv) B Gpu(ov O)w - Epu(o’ O)U

Define f = pw + qu, that is

Now we assume that f = pw + Gv satisfies the following form:

P = Dot + Poaw + Paou® + priuw + pagu’ + p(u, w)

Go1w + gaot® + qriuw + qoaw® + gaou® + garuw + quout + qh(ua w)

2
|

where

- € Puiwi - € Quiwi _h 2 h 3
ij = ——(0,0 ij = ————(0,0 eM eM
Pij p.(0,0) ilj! (0.0) i «(0,0) dlg! (0.0) b ¢
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and
pl,(0,0) = pl,(0,0) = p's(0,0) = 0
s(0,0) = g%, (0,0) = g (0,0) = 0

One thing to point out here is that with direct calculation, we see
Do =€
Also with the assumptions in the theorem, we know that
Bo#0 G #0 Py — 4G0d0 = 1 — 4G20Gor # 0
Let (S, @) satisfy that
S=8c+ S0 ®=(pe+ oV, P — Pov)
where Se, S,, ¢,, @e € £. Note that in Proposition 4.2, we showed
u(®) = 2¢, v(P) = 2p,v w(P) = 4w

©e(0,0) =0 (pe)ulu,0) = @,(u,0)
Now consider the case

1 —2q31G20P20 + 2q01T50P01 — Ga0Po1 + Gy G30€ + Go1G20G11€
Pe = _(u - — — w
2 G20€ (4QO1Q20 - 1)
B 2001G50P20 — 250D01 — G20D20 — 301020G30€ + Gaoq11€ + q_30€u2)
G20€ (4401G20 — 1)
1 2G01G50P20 — 2G30P01 — G20P20 — 3o1G20030€ + Tooqr1€ + G306
Po = _(1 - _ — _
2 G20€ (4G01G20 — 1)
4 (2q01350P20 — 2qa0P01 — G20DP20 — 3G01020030€ + Taq11€ + G30€) B @]u
G20€ (4401G20 — 1) G20
_ 2G01G20P20 + 245,001 — Go1G30€ — G2011€
G20 (4401G20 — 1)

2u)

Se=1+]

So =
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By the definition of dimorphism equivalence, we know f is dimorphism equiv-
alent to g = Sf(®). That is,
= (S + Sov) (p(®)w(®) + ¢(P)v(P))
= (Sep(P)w(®) + Soq(P)v(P)v) + (Seq(P)v(P) + Sop(®)w(P)v)
= (Sep(®)(47) + Soa(P)(2¢00))w + (Ra(®)(200) + Sop(®) (4 w)v
(EU + puuw + pgou + p )
+(Gorw + Got’® + Goow® + Guuw + Gaou* + ¢ )v
where p" € M?, §" € M3, and
P (0,0) = Py, (0,0) = p5(0,0) = 0
G45(0,0) = G, (0,0) = ¢'(0,0) = 0
Now we have shown that a general strategy function f that satisfies the cor-

responding defining and non-degeneracy conditions in Table 5.1 is dimorphism

equivalent to the following strategy function:
g = (eu+ priuw + Psou® +]5h)w + (Gorw + Gaot® + Goow* + Goruw + Gaou* + qh)v
Next, let (S, @) satisfy that

S=8+S  ®=(pe+ oV, e — Pov)

and consider

_ 1 242, G20 P30— 2401 @30 P11 —F01G20P30 — 321 G20 G40 €+q01 G0 T21€+Go1 Qaoe+Tapd2€ . 3
Pe = _(u - Go1 G Go1q u )
2 2401G20€(4G01G20—1)
273 - _272 =2 = +G01G20D _ 73 = _ 52 = = +37 =2 _ =
— _(1 _ 249p1920P30 —49(14920P111T4901920P11 —3d51 940€—0(1 920921 €19590143092¢€ qzoqzew
Po 2 G01G20€(4G01320—1)

_ 243, T30P30 — 2301 TagP11 — 01320530 — 351 420340 €+T01 T30 21 €+701 a0 €+ Tag a2€ 3u2)
2Go1G20€(4Go1g20—1)

S =1+ [3<2<?81(?201530—2631(?5015114-(?01(?201311—118117406—1781(?20(?216+31701<?§0q26—620q26) % ]
e do1320¢(4401G20—1) do1
—1033, 33,930 +10d01 G50 P11 +5G01 32030 +23q31 F20G40€— 530150 G21 €— 701 d40€—5qagq2€ u2
2401320€(4g01G20—1)

S — _2‘?(2)1!?201530+2§01<?§01311—6(2)1(7406—%11?206216—(?%0!126
o G01G20(44o1G20—1)

u
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By the definition of dimorphism equivalence, we know ¢ is dimorphism equiva-

lent to g = Sg(®). That is,

= (Se + Sov) (p(®)w(®) + ¢(P)v(P))

= (Sep(P)w(®) + Soq(P)v(P)v) + (Seq(P)v(®) + Sop(®)w(®)v)
= (Sep(®)(45) + Soq(P)(2¢0))w + (Rq(P)(2¢0) + Sop(®)(4p5)w)v
=

€U+ p )w + (Gorw + Gaou® + qh)v

where p" € M?, ¢" € M3, and

pl,(0,0) = pl,(0,0) = ps(0,0) = 0
q}s(0,0) = ¢, (0,0) = ¢ (0,0) = 0

Therefore, we have successfully applied a series of specific dimorphism equiv-
alence transformations to reduce the form of the strategy function f into the
following:

g = (eu+p")w + (Gorw + Goou® + ¢")v (5.0.5)

where p" € M?, ¢" € M3, and

pZu(Ov 0) = pr(Oa O) = pZ3 (07 0) =0
¢u3(0,0) = ¢2,,(0,0) = ¢34 (0,0) = 0
q'UJ q'U/lL

€ = sgn(py Jo1 = €— Qoo = €—
o) o Pu 27 "op,

To continue, we can assume that the general strategy function f is in the form

of (5.0.5). We want to show that f is dimorphism equivalence to
fo = euw + ((jmw + (jzou2>?]

where
Quu

€ = sgn(py) qo1 = Eq—w G20 = €E—
Du 2py
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First we calculate Z(f). With formula (4.2.8), we have

p,d) = [eu+p", quw + G’ + ¢"]
(g, wp] = [Goiw + Gou® + ¢", w(eu + p")]
[wpu, wgu] = [w(e+ plh), w(2Gou + q})]
[wp + 2w’pw, 2] = [w(eu+p") + 2w?pl, 20 (qo1 + q3))]

We claim that [M*, M®]+w[M? M?]+w?[M°, M] C Z(f). With Nakayama’s

Lemma, we need to prove

MY M)+ w[M2, M) + w2 MO, M]

C Z(f) + [M®, MO + w[M?, M| + w?* M, M?
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Let J = Z(f) + [M®, M®] + w[M? M*| + w?*[M, M?]. Then we have

Joww(e + pZ), w(2q0u + C]Z)]

ew[Gorw + Gaou® + ¢, wleu + p")]

[€Go1w?, 201 Ga0u?],

N P A R
[€Go1w” + €Gopu’w, € uw?]

ulw(eu+p") + 20°pl;, 20*(Gor + ay,)]
leGaou*w, (€ — 2Go1Ga0)uw?],

leu*w, 201 uw’]

wlew + p", 1w + Gou® + ¢

[0, w?], [0, uw?]

[0, uw?], wlw(e + pl;), w(2q0u + q;)]
[w?, 0], [uw, 0]

[w?w, 0], u*[w(e + py), w(2Gou + q)]
0, w?w], [0, (w*) M]

[w*w, 0],

w?[qonw + Gaot® + ¢, w(eu + p')]
[u*, 0], wew + p", Gorw + Gaou® + "]
[u", 0], [{w)M?, 0], [(w?), 0]

[0, w”], [0, (w) M, [0, (w*) M]

Thus we have proved the claim that

eJ =

ceJ =

ceJ =

eJ =

eJ=
€cJ =
eJ =
cJ =
ceJ =
ceJ =

ceJ =

ceJ =
ceJ =
eJ =

ceJ =

[6%171127 2@01@20U2] eJ
[6%1102 + eqroutw,

cuw’®l € J

[eGaou*w,
(€2 — 2Go1Ga0)uw®] € J

[evw, 240 uw?] € J

[u*w, 0], [0, uw?] € J
0,w°] € J

0, (wIM] € T
[(w?),0] € T
[(w)M?,0] € T

0, u*w] € T

[0, (w)M?] € T

[w* 0] € J
0,v°] e J
(M 0] e T
0,M°]eT

K = [M* + (w)M? 4 (w?), M® + (w)M? + () M] C Z(f).

The calculation indicates that as long as f satisfies the corresponding defining

and non-degeneracy conditions in Table 5.1, we always have K C Z(f). That is,
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any strategy function h inside the module I will satisfy that Z(f +th) = Z(f)
for all ¢ € [0, 1]. According to Theorem 4.7, we know that f + h is dimorphism

equivalent to f. Note that p", ¢" satisfies that p" € M?, ¢" € M? and

pl,(0,0) = pl,(0,0) = p:(0,0) = 0
q}s(0,0) = ¢%,,(0,0) = ¢ (0,0) = 0

It indicates that [p", ¢"] € K Therefore f is dimorphism equivalent to
h = e(uw + (apw + Bou’)v)

where at (0,0)

Qw Quu
= — Bo=-——
Du 2pu

Pe#0  Gu#0  q#0 P —2quGw #0

€ = sgn(py) o} ¢=¢q=p=0

At the end, we prove that if f = pw + quv is dimorphism equivalent to
e(uw + (pw + Bou?)v)

with the singularity at (0,0), then the the corresponding defining and non-
degeneracy conditions in Table 5.1 hold. The dimorphism equivalence indicates
that there exists a dimorphism equivalence transformation (S,®) such that

f = Sh(®) and we can write
S=S8. 450 D= (pc+Qov, P — Pov)

where at (0,0)

S. >0 ve =10 (e)u =0 >0
Then we have
f = pw + qu =€[80c?S. + 2(4daw?w + 4B0¢?) oS, w
+ 6[8%@021050 + 2(4ag0§w + 4/80903)%36]1)
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Therefore,
P = 8€pep2 S, + 2e(da?w + 480¢?)00S,
q= 86g06g03w30 + 26(4@90210 + 4ﬁog0§)g0056

So we know at (0, 0)

Quu = 166/80(906)390056 % 0 Pu = 8€(¢e)u(pise 7£ 0
pZ_QQuUQw = 64(906)13;9010152_32ﬁ0(906)i()0056'8a90i = 64((,06)3(,0;153(1—40550> 7£ 0
Now we have completely proved part (f).

]

Remark 5.4. In the proof of Theorem 5.1 we calculate the strong dimorphism equiva-
lence restricted tangent space Z( f) for strategy functions f satisfying certain defining
and non-degeneracy conditions. The result enables us to prove that these f are di-

morphism equivalent to the given normal forms ~. When we find universal unfoldings

of h in Chapter 6 we will need to know RT(h).

Lemma 5.5. The restricted tangent spaces for the normal forms in Theorem 5.1 are

given in Table 5.2.

Proof. (a) It follows from Proposition 4.2 that the dimorphism equivalence re-

stricted tangent space of the strategy function h = e(w + pouv) is

RT(h) = ([0,w], [0,u?], [, 0], [w, 0]) + RA[L, prou }

= [M7M2] + w[MovMO] + R{[lnuou]}
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Normal Form h TC RT(h)

(a) e(w + pouv) 0 M, M)+ w[M®, M°] + R{[1, pou}
(b) e(dw? + uv) 1 M, M]
(c) (€ + pou)w + duv 1 MZ MY + w MO, MO

+R{[e + 2p0u, 20U, [€ + pou, du?], [eu, Su’]}

(d) e(dw® + uv) 2 [M?, M] + R{[u,0]}

(e) | ew+ (0u® + pou’)v 2 | IMP MO+ wM® MO+ R{[e, du® + pou”],

e, 36u® + 5paou”), [en?, 6u, [u, 0, [0, u']}

(f) | e(uw + (aow + Bou?)v) | 2 | [M?, M+ w[M°, M] + R{[u, aow + Bou?]}

Table 5.2: The dimorphism equivalence restricted tangent space for the singulari-
ties up to topological codimension two. (TC = topological codimension. RT'(h) =

dimorphism equivalence restricted tangent space of h.)

(b) Tt follows from Proposition 4.2 that the dimorphism equivalence restricted tan-

gent space of the strategy function h = e(dw? + uv) is

RT(h) = ([0,w], [0, 4], [u, 0], [w, 0]) = [M, M]
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(c) It follows from Proposition 4.2 that the dimorphism equivalence restricted tan-

gent space of the strategy function h = (e + pou)w + du’v is

RT(h)

Z(h) + R{[e + 2uou, 20u?], [2eu + 3uou?, 26u’], [3eu?, 20u]}

([, 0], [w, 0, [0, %], [0, ww], [0, w?])

+R{[e + 2pou, 203, [e + pou, 6u?, [eu, 6u®], [u?, 0], [0, u?], [0, w]}
([u?, 0], [w, 0], 0, u"], [0, w])

+R{[e + 2uou, 20u?], [e + pou, Su, [eu, du’]}

[M?, MY + w[M°, MO

+R{[e + 2uou, 20u?], [e + pou, 6u?], [eu, du’]}

(d) It follows from Proposition 4.2 that the dimorphism equivalence restricted tan-

gent space of the strategy function h = e(dw® + uv) is

RT(h) = Z(h) + R[50w?, u] = [M2, M] + R{[u, 0]}

(e) It follows from Proposition 4.2 that the dimorphism equivalence restricted tan-

gent space of the strategy function h = ew + (6u® + pou®)v is

RT(h)

Z(h) + R{[e, 30u® + 5uou’], [2eu, 36u® + 5puoud],

[3eu?, 30u® + Suou'], [4eu®, 36u°], [Heut, 36u"]}

([w, 0, [w?, 0], [0, w?], [0, u*w], [0, u*]+)

+R{ e, 6u® + pou], [ew, du* + poub], [eu?, Su® + pou’], [eu?, 6u°],
[eut, 5u”], [0u®, ew], [6u, euw), [e, 30u® + Buou®], [2eu, 36u* + 5uou’],
[Beu?, 30u® + Suou'], [4eu?, 36u°], [Beu?, 36u"]}

([w, 0], [w*,0], [0, w], [0, u°])

+R{[e, 6u® + pou], [€, 36u® + Suou®], [eu?, §u®], [u, 0], [0, u']}

(M3, MO+ w[M°, MO

+R{[e, ou® + pou], [6, 30u® + Sugu®], [eu?, 0u’], [u, 0], [0, u*]}
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(f) It follows from Proposition 4.2 that the dimorphism equivalence restricted tan-

gent space of the strategy function h = e(uw + (agw + Bou?)v) is

RT(h) = ZI(h)+ R{[3u? 2Bpu® + daguw),
[4u?, 2B80u* 4 6apuw], [2u, 2Bou® + 200w]}
= [M*, M)+ wM?, MP] 4+ w? (MO, M] + R{[u, Bou® + apw],

2w]’

[uw, Bouw + agw?], [u?, Bou® + apuw], [u?, Bou* + agu
[ow + Bou?, uw), [aguw + Bou?, uw], [w, 2Bouw), [uw, 2Byuw],
[uw, 2a0w?], [3u?, 2Bu® + 4aguw], [4u®, 2Bou* + 6aguw]}

= M2 M) + wMO, M] + R{[u, agw + fou?]}
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CHAPTER 6
UNIVERSAL UNFOLDINGS UNDER DIMORPHISM
EQUIVALENCE

In this chapter we develop the universal unfolding theory in the context of dimorphism
equivalence. First we define universal unfolding and codimension (see Definition 6.4).
Then we define the dimorphism equivalence tangent space and state the universal
unfolding theorem in singularity theory (see Theorem 6.7). This theorem is a special
case of a general theorem proved by Damon [2]. At the end, we apply the univer-
sal unfolding theorem to calculate the universal unfoldings for singularities up to

topological codimension two in Theorem 6.9.

6.1 Preliminary Definitions

In this section, we define a few concepts in universal unfolding theory of strategy

functions. All of these definitions can be found in [14].

Definition 6.1. Let f be a C™ strategy function R*> — R defined on a neighborhood

of the origin. Then F : R? x R* — R is a k-parameter unfolding of f if
F(z,y,0) = f(x,y) F(z,z,a) =0
where the parameter o € R”.

Suppose F(z,y,a) (o € R¥) and H(x,y,5) (8 € R') are unfoldings of f. We
88



say that the perturbations of the H unfolding are contained in the F' unfolding if for
every B € R!, there exists A(3) € R¥ such that F(-,-, A($)) is dimorphism equivalent

to H(-,-,3). We formalize this in Definition 6.2.

Definition 6.2. Let F'(x,y, «) be a k-parameter unfolding of f and let H(x,y, 3) be
an [-parameter unfolding of f. We say that H factors through F' if there exists maps
S:R2xR' - R, ®:R?xR! - R? and A : R! - R* such that

H(z,y,B) = S(z,y, B)F(®(z,y, B), A(B))
where
1. S(z,y,0) =1
2. ®(x,y,0) = (z,9)
3. ®(z,y,8) = (¢(z,y,8), p(y, v, B)) where p : R x R' = R
4. (dD)y s s = c(z, B)I> where c(z, 8) > 0
5. A(0) =0

Remark 6.3. We do not require that ®(0,0, 5) = (0,0); that is, when f§ is nonzero,

the equivalence need not preserve the origin.

There are unfoldings F' that contains all perturbations of f, up to dimorphism

equivalence. These unfoldings are characterized in Definition 6.4.

Definition 6.4. An unfolding F' of f is versal if every unfolding of f factors through
F. A versal unfolding depending on the minimum number of parameters is called
universal. That minimum number is called the C'° codimension of f. In addition,
the topological codimension of f is the C° codimension of f minus the number of

modal parameters in the universal unfolding F'.
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Suppose F(x,y,«) is a universal unfolding of a strategy function f. This implies
that every one-parameter unfolding of f can factor through F. For any strategy

function perturbation n(z,y), consider the one-parameter unfolding
H(z,y,t) = f(z,y) + in(z,y)
Since H factors through F', we can write
H(xz,y,t) = S(z,y,t)F(P(z,y,t), A(t)) (6.1.1)

where S, ®, A satisfy the conditions in Definition 6.2.

On differentiating (6.1.1) with respect to t and evaluating at ¢t = 0, we have

n(r,y) = S(x,y,0)f(z,y) + ¢(x,y,0)Fp(z,y,0)

k
+ @y, 0)Fy(2,y,0) + > AiF, (2,y,0)

=1

where A(t) = (Ai(t),..., Ag(t)) and - is differentiation with respect to ¢.

(6.1.2)

6.2 Dimorphism Equivalence Tangent Space

Definition 6.5. The dimorphism equivalence tangent space of a strategy function f,
denoted by T'(f), is the set of all n(z,y) of the form given in the first three terms on

the right hand side of (6.1.2), where (S, ®) satisfies all assumptions in Definition 6.2.

Remark 6.6. The only difference between the definition of T'(f) and RT'(f) is the
fact stated in Remark 6.3 that & in the definition of T'(f) does not need to fix
the origin for different parameter values, but ® in the definition of RT'(f) needs to
fix the origin for all parameters. Therefore, with similar calculation performed in

Proposition 4.2, we can have

T(f) = RT(f) + R{[pu; qu]} (6.2.1)

Thus, RT(f) has finite codimension if and only if 7'(f) has finite codimension.
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The structure of T'(f) leads to a necessary condition for F' to be a universal

unfolding of f. Specifically, if an unfolding F' is versal, then
E2=T(f) +R{F,, (z,y,0),..., F, (x,y,0)} (6.2.2)

An important result in singularity theory states that (6.2.2) is also a sufficient

condition for F' to be a universal unfolding. See §9 in [2].

Theorem 6.7. Let F' be a k-parameter unfolding of f. Then F' is a versal unfolding
of f if and only if

oG

52:T(f)—i—R{aT“l(x,y,O),...,%i(x,y,())} (6.2.3)

Corollary 6.8. An unfolding F' of f is universal if and only if the sum in (6.2.3) is
a direct sum. The number of parameters in F' equals the codimension of T'(f). In

particular, if f has C™ codimension k and z1,. .., 2, € £ are chosen so that
82 :T<f)@R{Z17"'7Zk}

then

F(.Z',y,Oé) - f(xay) + alzl(g:"?y) Tt Oéka(x,y)

is a universal unfolding of f.

6.3 Universal Unfoldings of Low Codimension Singularities

In this section, we calculation the universal unfolding for each singularities up to

topological codimension two.

Theorem 6.9. Table 6.1 gives a universal unfolding for each normal form in Theo-

rem 5.1.
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Normal Form h | TC T(h) Universal Unfolding H
(a) | elw+pouv) | 0 | [M M+ w[M, M|+ R{[L poul, [0, pio]} e(w + puw)
) | e6w? +u) | 1 M, M] + R{[0, 1]} e((a + Sw)w + uwv)
(¢) | (e+pu)w+ | 1 | [M* M+ wM’ M + R{[e + 2uu, 26u?], (e + pu)w+
Sutv € + pou, u?], [ew, 0u?], [po, 20u]} (a+ du*)v
(d) | e(6w® +uv) 2 (M2, M] + R{[0,1], [u, 0]} e((a+ bw + Sw?)w + uv)
(e) ew+ 2 | M MO+ w[MO, MO+ R{[e, 6u® + pou], ew + (a+bu
(6u® + pou® ) le, 36u° + 5w, [e?, 6u™], [u, 01, [0, u'], 0, 2]} 8P+
(f) e(uw+ 2 [MZMP] + w[M°, M) e((a 4+ u)w+
(aow + Bou®)v) FR{[u, aow + fou?], 1, 260u]} (b+ aw + Bu?)v)

Table 6.1: The universal unfoldings and dimorphism equivalence tangent space for
the low codimension singularities in Theorem 6.7. (Def = defining conditions. ND =

non-degeneracy conditions. TC = topological codimension.)

Proof.  (a) Equation (6.2.1) shows that the dimorphism equivalence tangent space
of the strategy function h = e(w + pouv) is
T(h) = RT(h) + R{[0, o] }
= [M, MQ] + w[M()? MO] + R{[la Mou]a [07 MO]}
Therefore, the C* codimension of h = e(w + pouv) is 1 and a complementary

space is

R{[0, u]}
So a universal unfolding of h is
e(w + puw)

where p is a modal parameter near p. Since p is a modal parameter, the

topological codimension of h = ¢(w + pouw) is 0.
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(b)

Equation (6.2.1) shows that the dimorphism equivalence tangent space of the

strategy function h = e(dw? 4 uv) is
T'(h) = RT(h) + R{[0,1]} = M, M] +R{[0,1]}

Therefore, the C* codimension of €(6w?® +uv) is 1 and a complementary space
is
R{[1,0]}

So a universal unfolding of h is
€((a + dw)w + uv)

where a is an unfolding parameter near 0. Thus, the topological codimension

of h = e(dw? + uv) is 1.

Equation (6.2.1) shows that the dimorphism equivalence tangent space of the

strategy function h = (€ + pou)w + du’v is
T(h) = RT(h)+ R{[uo, 20ul}
= [M* M"Y +wM°, M
+R{[e + 2pou, 20U, [€ + pou, du?], [eu, Su?], [1o, 20u] }

It shows that the C*° codimension of T'(h) is 2. A complementary space is
R{[0, 1], [u, O]}
So a universal unfolding of A is
(€ + pu)w + (a + 6u*)v

where p is a modal parameter near o and a is an unfolding parameter near 0.
Since p is a modal parameter, the topological codimension of h = (€ + pou)w +
Su?v) is 1.
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(d)

Equation (6.2.1) shows that the dimorphism equivalence tangent space of the

strategy function h = e(dw® 4 uv) is
T(h) = RT(h) + Rlpu, q.] = [M*, M] + R{[u, 0], [0, 1]}
It shows that the C*° codimension of T'(h) is 2 and a complementary space is
R{[1,0], [w, 0]}
So a universal unfolding of h = e(dw® + uv) is
e((a+ bw + Sw?)w + uv)

where a, b are unfolding parameters near 0. Thus, the topological codimension

of h = e(dw® + uv) is 2.
Equation (6.2.1) shows that the dimorphism equivalence tangent space of the

strategy function h = ew + (du® + pou®)v is

T(h) = RT(h)+ Rlpu, q]
= M3 MO+ wM® M
+R{[e, ou® + pou®], [e, 30u® + 5pou®l, [eu?, 0u’], [u, 0], [0, u?], [0, u?]}

It shows that the C*° codimension of T'(h) is 3. A complementary space is
R{[0,1], [0, u], [0,u"]}
So a universal unfolding of h = ew + (§u® + pou®)v is
ew + (a + bu + 0u® + pu)v

where a, b are unfolding parameters near 0 and p is a modal parameter near .
Since p is a modal parameter, the topological codimension of h = (€ + pou)w +
Su?v) is 2.
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(f) Equation (6.2.1) shows that the dimorphism equivalence tangent space of the

strategy function h = e(uw + (apw + Bou?)v) is

T(h) = RT(h)+ Rlpu, ¢
= M2, M3+ w[M°, M| + R{[u, acw + Bou?], [1,280u]}

It shows that the C*° codimension of T'(h) is 4. A complementary space is
R{[0,w], [0, 7], 0, 1], [1, 0]}
So a universal unfolding of e(uw + (agw + Bou?)v) is
e((a+uw)w + (b+ aw + fu*)v)

where a, b are unfolding parameters near 0 and «, § are modal parameter near
o, Bo. Since «, [ are modal parameters, the topological codimension of h =

(€ 4+ pou)w + duv) is 2.

95



CHAPTER 7
THE RECOGNITION PROBLEM FOR UNIVERSAL
UNFOLDINGS

In this chapter, we consider the following question that is called the recognition prob-
lem for universal unfoldings: Let F(x,y,«) be an unfolding of a strategy function
f(x,y), where f is dimorphism equivalent to a normal form hA. When is F' a universal
unfolding of f7 This situation usually arises in applications. We use the approach de-
veloped by Golubitsky and Schaeffer [12] to answer this question for low codimension
bifurcation problems. The results are summarized in Theorem 7.7 for the strategy
function singularities up to topological codimension one.

Let v = (S, ®) be a dimorphism equivalence. That is, S and ® satisfy conditions

in Definition 3.3. Denote

v(h)(z,y) = S(z,y)h(P(z,y))

Lemma 7.1. Suppose f = vy(h). Then

Proof. Define a smooth curve of dimorphism equivalences ¢; at h as
di(h) = S(x,y, t)h(P(2,y,1))
where S, ® vary smoothly in t. Assume that

S(z,y,0)=1  &(z,y,0) = (z,y)
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d
In other words, dy is the identity map. Then g = a(st(h)\t:o is a typical member of
T'(h). With direct calculation,

39) = VbRl = A (E(A)hco

d
= 575t7_17(h)|t:0

d
= E’V(St'Y_l(f)Mt:O

Let 0, = v6,y~L. Then do is the identity map and o, is a smooth curve of dimorphism

equivalences at f such that

v(9) = Eét(fﬂt:o

In other words, v(g) € T(f) and therefore
1(T'(h) € T(f)
Interchanging the roles of f and h shows that
T(f) cA(T(h))
and the equality holds as claimed. O]

Define the pullback mapping ®* as

O (f)(x,y) = f(@(2,y))

Note that in this thesis, we consistently use the coordinates (u,v) instead of (z,y).
Therefore, we assume that from now on, the strategy functions are respective to the

coordinates (u,v).

Lemma 7.2. Let Z = ([p1,q1], - , [Pk, &]). Then ®*(Z) is the module

(@ ([pr, qu), -+ ©*([pk ak]))
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Proof. Follows from the fact that if f;, fo are strategy functions, then

O*(fr + f2) = ©°(f1) + @7(f2)

Remark 7.3. If Z, J are modules, then Lemma 7.2 implies that
(T +J) =0"(I) +2"(J)

Next, we show that the modules w*[M", M*] and w*[M"*, M**!] are invariant
under pullback maps which come from dimorphism equivalences that fix the origin

(0,0).

Definition 7.4. An module 7 is intrinsic if for every dimorphism equivalence v =

(S, ®) such that ®(0) = 0, we have v(Z) = Z.

Proposition 7.5. The modules w*[M*, M*] and w*[M*, M**!] are intrinsic, where

k, s are non-negative intergers.
Proof. Note that under the (u,v) coordinate, we can write
S=8.4+S50  ®=(pe+ P, P — Pov)
where Se, S,, e, p, € £. Assume that
f=pw+qv=pq € M M
then we see that
S f = (S + Sov)(pw + qu)
= (Sep + Soq)w + (Seq + Sopw)v
= [Sep + S0¢; Seq + Sopw]
fo® = p(2¢e, dpow)dow + (20, dpow) 2000
= [p(2¢e, 4pw) 405, (20, 405w)20,)
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Since S,, Se, Ve, 0o € M°, p,q € M*, we have
S.feMF MR fod e [MF MH
Similarly, if we assume that
f=1[p,q =pw+qv € w M~ M

then we have

S f e w Mk MFT fod e w' M MFK|
Hence, the proof is done. O
Remark 7.6. Proposition 7.5 implies that the modules
Jy= (MR MF) ot (M ME] 4 (M, MY gt M MY

are intrinsic for any finite set of nonnegative integers s, t, k;, I; where ¢ = 0,...,s

and j =0,...,t.

Let h be a normal form of f (= [p,q]). We now calculate necessary conditions for

F to be a universal unfolding of f when f = ~(h). We do this in the following way:

(a) Write
Th)y=Ja&V,

where J is intrinsic.
(b) Using Lemma 7.1 and the fact that J is intrinsic, write

T(f)=T®V;

(¢) By Theorem 6.7, F' is a k-parameter universal unfolding of f (where k is the

C° codimension of h ) if and only if

E=JeV;eR{F,,....,F..}
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(d) A complementary space to J always consists of dim(V}) + k dimensions. We
can choose a basis for V} in terms of [p, ¢] and its derivatives. Then we solve the
problem by writing the Taylor coefficients of this basis and F,,; in the monomials
that are not in 7. It follows that F' is a universal unfolding of f if and only if

this matrix has a nonzero determinant.

Theorem 7.7. (a) Suppose f is dimorphism equivalent to h = e(w + pov) where
o # 0, and F = P(u,w,0)w + Q(u,w,)v is a 1-parameter unfolding of

f=plu,w)w + q(u,w)v. Then F is a universal unfolding of f if and only if

p 0 qu
Pa Qa Qau

atu=v=a=0.

(b) Suppose f is dimorphism equivalent to h = e(dw? +uv), and F = P(u,w, a)w -+
Q(u, w, a)v is a 1-parameter unfolding of f = p(u,w)w + q(u, w)v. Then F is

a universal unfolding of f if and only if
qua - unOé 7é 0
atu=v=a=0.

¢) Suppose f is dimorphism equivalent to h = (e + pou)w + 6uv, and F =
(¢) Supp P q p :

P(u,w,a, Bw+ Q(u, w, o, B)v is a two-parameter unfolding of f = p(u, w)w +

100



q(u,w)v. Then F is a universal unfolding of f if and only if

0O p 0 O 0 3quu

Pu Puu 0 Quu  Gu3 qut
det # 0 (7.0.2)

0 2pu 0 0 2Q1m SQU3

Pa Pauv Ga Gou Gau?  Gaud

P Psu 498 4Bu  GBu2 qBus

atu=v=a=0.

Proof.  (a) We prove the statement when € = 1. The proof of the case e = —1 is

similar. As shown in the proof of Theorem 6.9
T(h) = [M, M?] + w[M°, M°] + R{[1, poul, [0, po] }
The module [M, M?] + w[M° M| is intrinsic. We want to write
T(f) = (M, M+ w[M", M°]) & V;
Since f is dimorphism equivalent to h, we know at (0, 0)
q=0 p#0 @ #0
Therefore,
T(f) = M, M?] + w[M®, M®] + R{[p, quu], [pu, qu + quate]}

The universal unfolding Theorem 6.7 implies that F'is a one-parameter universal

unfolding of f if and only if

R{[p7 quu]7 [pm Qu, + QUuu]7 [Pa, Qa + Qauu]}

spans R{[1,0],[0,1],[0,u]}. That is, (7.0.1) is satisfied.
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(b)

We prove the statement when € = 1. The proof of the case e = —1 is similar.

As shown in the proof of Theorem 6.9
T(h) =M, M|+ R{[0,1]}
The module [M, M] is intrinsic. We want to write
T(f) =M M]®V;
Since f is dimorphism equivalent to h, we know at (0, 0)
¢=0p=0  @#0  puu—Puduw 70

Therefore,

T(f) = M, M] + Ri{[pu, qul}

The universal unfolding Theorem 6.7 implies that F'is a one-parameter universal

unfolding of f if and only if

R{[pu, qul; [P Qal}

spans R{[1,0],[0,1]}. That is

Pu  Qu
det = qua - una 7£ 0
Py Qa
We prove the statement when ¢ = 1. The proof of the case ¢ = —1 is similar.

As shown in the proof of Theorem 6.9

T(h) = [M?, M) + w[M°, M

+ R{[1, u® + pou?], [0, 28u + 3pou?], [1, 26u® + 3uou’], [u, 6u®]}

We can see that the module [M?* M*] + w[M°, M"] is intrinsic. We want to
write
T(f) = (M M+ wMO M) &V
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Since f is dimorphism equivalent to h, we know

Therefore, with direct calculation, we have

T(f) = RT(f) + R{[pu, qu]}

=Z(f) + R{w'up, + 2jp,w + jp, ugqy + 2jg,wl}

where j = 0,1,2,.... Hence we have

T(f) = M*, MY + w[M®, M

+ R{[pu’, 0], [pu, 2™, [p + pou, Totu® + 2],

[2puu7 quuu2 + q_;3u3]7 [pu + Dun s Quat + qzislﬂ + q%lbg]}

The universal unfolding Theorem 6.7 implies that F' is a two-parameter univer-

sal unfolding of f if and only if

R{[pu”, 0] [pu, 550’ [p-+pue, S5+ 5], [t puts Gt w4+,
2Py, quuu® + (12i3u3], [Pa + Pautls Go + Gautt + q‘;—“ZUQ + %U?’],
[Ps + Pputt, g + qpuu + %TUZUQ + %ug]}

spans R{[1,0], [u, 0], [u?, 0], [0, 1], [0, u], [0,%?], [0,u*]}. That is, (7.0.2) is satis-
fied.
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CHAPTER 8
GEOMETRY OF UNIVERSAL UNFOLDINGS

In this chapter, we list the mutual invasibility plots of all possible perturbations up
to dimorphism equivalence for a strategy function of at most two parameters. First
we review the four important evolutionary scenarios that is preserved by dimorphism
equivalence. Then we describe the different types of singular transitions under di-
morphism equivalence and introduce the transition variety (See Definition 8.6). For
each singularity up to topological codimension two, we calculate the transition variety
and draw the mutual invasibility plots for all small perturbations up to dimorphism

equivalence.

8.1 Singularities of a Strategy Function

Geritz et al. [10] discussed four different evolutionary scenarios in a strategy function.
We have already discussed ESS and CvSS in this thesis. Here we introduce the other
two characteristics of singular strategies called MIS and NIS defined in Golubitsky
and Vutha [14].

Definition 8.1. A singular strategy xo of a strategy function f is a neighborhood

invader strategy (NIS) if

fy<l’0, JIQ) =0 fxx<l’0, JIO> >0
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Remark 8.2. The concept of NIS is first introduced by Apaloo [1]. If xq is an NIS

of f, then x(y can always invade other local strategies when itself is initially rare.

Definition 8.3. A singular strategy xq of a strategy function f is mutual invasibility
(MIS) if

fy(l'o,l‘o) =0 fyy($07x0) + fxx(l’o,z()) >0 (811)

Remark 1.10 shows that (8.1.1) is a sufficient condition for the existence of pairs
of dimorphisms around the singular strategy x.

Dieckmann and Metz [4] discuss the evolutionary influence of these four types of
singular behaviors. These four singularities are summarized in Figure 8.1, which is a
modification of a picture in Geritz et al. [10]. This figure classifies the stabilities of

the singular strategies ESS, CvSS, NIS, and MIS.

Lemma 8.4. Dimorphism equivalence preserves the stabilities of ESS, CvSS, NIS,

and MIS for all strategy functions.
We recall that Golubitsky and Vutha [14] define

Definition 8.5. Two strategy functions f and f are strongly strateqy equivalent if

~

f(@,y) = 5, y)f(@(z,y))
where the following conditions are satisfied near a given point
1. S(x,y) > 0 for all z,y
2. & = (¥, Py) where &;: R*> — R, det(d®),, > 0 for all z,y
3. ®y(x,x) = Py(x, x) for every x

4. (d®), . = a(z)] where a(z) >0
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Figure 8.1: Classification of singular points modified from Figure 2 in [10]. Based
on the evolutionary stability, convergence stability, existence of dimorphisms, and
resistance to invasion, we can divide (fy., fyy)-space into 8 separate regions. Note
that each region has a sample plot. In this plot, the curves are that of f(x,y) = 0

and the shaded areas are those satisfying f(z,y) > 0.

Proposition 6.6 in [14] shows that if two strategy functions f and f are strongly
strategy equivalent, then f has the same ESS, CvSS, NIS, and MIS singularity types

at ® (29, 20) as f has at (zg, z0).

Proof. The proof of Lemma 8.4 follows by noting that every dimorphism equivalence

is a strong strategy equivalence. ]
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8.2 Transition Variaties

Suppose F(z,y, @), where o € R”, is a universal unfolding of f(x,y). In F(z,y, @),
the classification of small perturbations proceeds by determining parameter values
where singularity types change. In the parameter space of F(z,y,a), there are six
varieties where such changes occur. These varieties are based on degeneracies of
evolutionary stability, convergence stability, existence of dimorphisms, neighborhood
invaders, bifurcation, and tangency.

The first four types of degeneracies correspond to the four evolutionary scenarios
in the previous section. Bifurcation points occur at certain parameter values in phase
space where the off-diagonal zero set of F'(x,y, «) is singular; that is, at points where
F = F, = F, = 0. Tangency points in parameter space occur at certain parameter
values when F'(z,y,«) and F(y,x,«) become tangent to each other. Note that we
are studying dimorphism equivalence, so we consider a pair of universal unfolding

strategy functions (F(x,y,«), F(y,z,«)). Denote

F(r,y) = (v —y)G(z,y)

Then we define

& = {a€RF:3Jxsuchthat F, = F,, = 0 at (v, 7, a)}(ESS variety)

¢ = {a€cRF:3Jwsuchthat F, = F,, — F,, = 0 at (z,z,a)}(CvSS variety)
2 = {a€RF:Jzsuchthat F, = F,, + F,, = 0at (v, 2,a)}(MIS variety)
A = {a€RF:3Fzsuch that F, = F,, = 0 at (z,z,a) }(NIS variety)

% = {acRF:3Jz,ysuchthat F=F, =F,=0at (z,y,a) where v # y}

(Bifurcation variety)
I = {acRF: 3z, ysuch that G(z,y) = Gy, ) =
Go(2,1)Gy (1, 7) — Gy, 9)Gy y,7) = 0 at (2, 0) where 7 £ 1}

(Tangency variety)
(8.2.1)
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Definition 8.6. The transition variety s the union of all the degenerate varieties in
(8.2.1). That is
TV =EUECIUDQUNUVABUT

We can simplify the calculation of transition varieties. Since the universal unfold-

ings of strategy functions vanish on the diagonal, we can define
F(z,y,a) = Plu,w,a)w + Q(u, w, a)v.

Therefore, with direct calculation, we obtain

= {a € R":Jusuchthat —Q =2(P —Q,) =0at (u,0,a)}
= {a € RF:Jusuch that — Q = —4Q, =0 at (u,0,)}

{a € R": Jusuch that — Q = 4P =0at (u,0,a)}

= {ac€RF:Jusuchthat —Q =2(P+Q,) =0at (u,0,a)}

NGNS
[

= {a € R": 3 u,w such that
Pv+Q=Puv+Q,=2P,w+ P+2Q,v=0at (u,v,a) where v # 0}
I = {ac€R*:3Ju,wsuch that
Pv=Q =2w(P,Q, — PyQ.) — PQ, =0 at (u,v,a) where v # 0}
(8.2.2)
Remark 8.7. Note that we study ESS singularities, CvSS singularities, and dimor-
phisms in this thesis. We showed that dimorphism equivalence preserves these three
properties. In addition, we find that dimorphism equivalence preserves NIS as well.
Since Geritz et al. [10] point out that NIS is also one of the most important evolu-
tionary scenarios, we would like to consider the transition of stability of NIS as part
of the transition varieties too. That is, in the MIPs of the singularities, we identify
singularities with different stabilities of NIS as different singularities. This is just
something we have the option to keep track of along the way of drawing MIPs under
dimorphism equivalence.
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8.3 Mutual Invasibility Plots

We classify persistent perturbations of low codimension singularities for strategy func-
tions and their universal unfoldings. A persistent perturbation is described by a

mutual invasibility plot.

Topological Codimension Zero.

(a) Theorem 6.9 shows that the universal unfolding of f = e(w + pouv) is
F = e(w + puv)
where p is a modal parameter near po # 0. Note that
P=c¢ Q = euu
Therefore, the transition variety of F' contains

E={p=¢ C={u=0 2=0 NV ={u=—-€¢ B=0 T=10

The MIPs are displayed in Figure 2.1 and Figure 2.2 of Chapter 2. We see
that p is a modal parameter. Thus, when py # 41,0 we have a topological
codimension zero singularity. However, the two special cases o = 41 generate

a topological codimension one singularity.

Topological Codimension One

(b) Theorem 6.9 shows that the universal unfolding of f = e(dw? + uv) is
F = e((0w + a)w + uv)
where a is near 0. Note that

P =¢€(ow + a) Q=ceu
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Therefore, the transition variety of F' contains
E=0 C=0 T={a=0" ¥=0 B=0 T—0

The MIPs are displayed in Figure 2.3 of Chapter 2. Since we have one unfolding

parameter a, this is a topological codimension one singularity.

Theorem 6.9 shows that the universal unfolding of f = (e + pou)w + du’v is
F = (e + pu)w + (a + du*)v

Note that

P=e¢+pu Q= a+ o’

Therefore, the transition variety of F' contains
E=0 C={a=0) 2=0 ¥ =0 B=0 T =0

Figure 8.2 consists of MIPs of F' for different u, we can see that values of © do not
change the existence of dimorphisms and the stabilities of singularities. Even
though strategy functions with distinct p values are not dimorphism equivalent,
we still have an intuitive idea that the MIPs with different p share the same
singular and dimorphism properties. In particular, the MIPs when p = 0 are
displayed in Figure 2.4 of Chapter 2. Since p is a modal parameter and a is an

unfolding parameter, we have a topological codimension one singularity.

110



¢

(¢) F = (=14 pu)w + (a — u*)v when p > 0: (i)a <0, (ii) a = 0, (iii) a > 0

Figure 8.2: MIPs of F = (=1 + pu)w + (a — u*)v when: (a) u < 0; (b) u = 0; (c)
i > 0. Note that the modal parameter p only rotates the axis of the parabola F.
However, it does not change the paired signs of each regions and the stability of the

singularities.
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Topological Codimension Two

(d) Theorem 6.9 shows that the universal unfolding of f = e(dw?® + uv) is
F = e((a + bw + dw?)w + uv)

Note that

P = e(a + bw + dw?) Q= eu

The transition variety of F' contains
E=0 ¢€=0 P2={a=0} ¥ =0 B=0 T ={bV—4ea=0}

Note that
F(y,z) = ¢((a+bw+dw*)w — uv)

(
= e((a+ bw + dw*)w — uv)
—F(z,y) = e(—(a+bw+ dw?)w — uv)
= e((—a—bw — Sw*)w — uv)
—F(y,z) = e(—(a+bw+ dw?)w + uv)
= e((—a—bw — dw*)w + uv)
Considering this symmetry and the fact that a, b are unfolding parameters near
0, we only need to study the case when e = 1,0 = 1. Figure 8.3 is the transition
variety of F'. Figure 8.4 contains the MIPs of F' for different a, b close to 0 up to
dimorphism equivalence when ¢ = 1,9 = 1. We can see the emergence of regions
of coexistence when the unfolding parameters are perturbed in Figure 8.4. Since
we have two unfolding parameters a, b, this is a topological codimension two

singularity.
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Figure 8.3: The transition variety for F' = (a + bw + w*)w + uv are a = 0 and
b* —4a = 0.

(3)a<0 (4) a>0,b<0,b*—4ea >0

Figure 8.4: MIPs of F = (a + bw + w*)w + uv for different parameter values.
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(e) Theorem 6.9 shows that the universal unfolding of f = ew + (6u® + pou®)v is
F = ew+ (a+ bu+ 0u® + pu’)v

Note that

P=¢ Q=a+bu+ou’+pul

The transition varieties of F' contains
E=0 € =1{27a*> +450> + o(ub*) =0} 2=0 N =0 B=0 T=0
Note that
F(y,z) = ew— (a+bu+ 6u® + pu’)v
= ew+ (—a—bu— du® — pu®)v
—F(z,y) = —ew— (a+bu+ du® + pu’)v
= —ew+ (—a—bu — ou® — pu’)v
~F(y,x) = —ew+ (a+bu+6u’ + pu’)v
= —ew + (a+bu+ du® + pu’)v
Considering this symmetry and the fact that a, b are unfolding parameters near
0, we only need to study the case when ¢ = 1,0 = 1 for all . The choice of u
will be discussed in Remark 8.8. For the ease of displaying, we only show the
transition variety when p = 0 in Figure 8.5. Figure 8.6 contains MIPs of F

when p=0,e=1,0=1.

Remark 8.8. If ;1 # 0, then the transition variety will be tilted to the left or
the right, so it is a modified cusp. But the MIPs will be similar in the sense
of the existence of dimorphisms and the stabilities of singularities for those two

regions in the parameter space.

Since p is a modal parameter and a,b are two unfolding parameters, (e) is a
topological codimension two singularity.
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Figure 8.5: The transition variety of F' = ew + (a + bu + 0u® + pu®)v when p = 0 is
27a° + 46b° = 0.

(1) 27a® + 45b° > 0 (2) 27a® + 45b* < 0

Figure 8.6: MIPs of F' = w + (a + bu + u*)v for different parameter values.
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(f) Theorem 6.9 shows that the universal unfolding of f = e(uw + (apw + Bou?)v)
1s
F =c¢((a+u)w+ (b+ aw + Bu)v)
where a, b are unfolding parameters near 0 and «, § are modal parameter near
o, Bo. Note that

P =¢(a+u) Q = e(b+ aw + Pu?)

The transition variety of F' contains

& = {ea®B+b(1—-268)2=0} € = {b=0}
2 = {ea®B+b=0} N = {ea®B+b(1+28)* =0}
B = {ea®f—b4af—-1)=0} T = {a=0}

Note that in Theorem 6.9 we have assumptions

a#0 B#0 daff —1+#0
So we know
T =10
From the definition of the varieties, we see a few degeneracies of the transition
variety when modal parameter «, 8 are varied. In summary, we have
1
(i) If p = iﬁ’ & or A would degenerate from parabola to a straight line;
(i) If p = +£1, & or A would overlap with Z;

(iii) If a4+ 8 ==+1,, & or A would overlap with A.
In addition, under the symmetry o(z,y) = (y,x) we have

F(y,7) = e((a+u)w — (b+ aw + Bu?)v)
=e((a + ew)w + (—b — aw — Bu?)v)
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Moreover,

—F(z,y) = e(—(a +u)w — (b + aw + Bu?)v)

= e((—a — eu)w + (—b — aw — Bu*)v)
So we know

—F(y,7) = e(—(a+uw)w + (b+ aw + fu*)v)

= e((—a — ew)w + (b + aw + fu)v)

Considering that a,b are unfolding parameters near 0, we only need to study
the perturbation of f = e(uw + (apw + Bou?)v) when € = 1,ay > 0 since the
other 3 cases can be obtained through symmetries. In addition, if we assume

e =1, ap > 0, then the universal unfolding becomes
F = (a+uw)w+ (b+ aw + Bu?)v

where o > 0. Note that when e =1, a > 0, we see

—F(—z,—y) = ¢e(—(a—u)w+ (b+ aw + pu*)v

(e =) = el=la—wu+( 0 sa)
= e((—a+u)w+ (b+ aw+ Bu*)v)

Since a, b are unfolding parameters close to 0, Equation (8.3.1) indicates that a

special symmetry exists when we change the parameter from a to —a.

Next, we work on the transition variety and MIPs of the universal unfolding

F = ¢((a+u)w+ (b + aw + Bu?)v) for different parameter values.

First we divide the modal parameter space (a, ) into regions with the same

transition variety. Figure 8.7 is the separation of the modal parameters space.

Second, we look at the transition variety F' for different a,b close to 0 when
¢ =1, a > 0. Figure 8.8 is the transition variety plot (respective to unfolding

parameter a, b) for each numbered region in Figure 8.7.
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Last, we draw the MIPs of all small perturbations for each scenario of Figure 8.8.

The MIPs can be found from Figure 77 to Figure 8.19.

Modal parameter {, B} space
T

| VII

Figure 8.7: The modal parameter space (a, 3) for F = €((a+u)w + (b4 aw + Bu*)v).
Red curves are the non-degeneracy conditions in Theorem 6.9; blue curves are the

degenerate cases (i), (ii), (iii) summarized in previous paragraphs. (Note that only

the a > 0 half plane is numbered.)
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(As) (A3)

Figure 8.9: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, 3} are in regions corresponding to A; to As.
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Figure 8.10: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, 3} are in regions corresponding to Ay to Asg.
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Figure 8.11: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, 3} are in regions corresponding to A7 to Asg.
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(Bs) (B3)

Figure 8.12: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, B} are in regions corresponding to B; to Bs.
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Figure 8.13: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, B} are in regions corresponding to By to B.
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Figure 8.14: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + Bu?)v when {a, 3} are in regions corresponding to By to Ag.
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Figure 8.15: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + Bu?)v when {a, B} are in regions corresponding to Bg.
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(Cs) (C3)

Figure 8.16: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + fu?)v when {a, 3} are in regions corresponding to C; to Cs.
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(Ce)

Figure 8.17: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + Bu?)v when {a, 3} are in regions corresponding to Cy to C.
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(Co)

Figure 8.18: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + Bu?)v when {a, 3} are in regions corresponding to C; to C.
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(Ci2) (Ch2)

Figure 8.19: MIPs for all the non-degenerate perturbation of F' = (a + eu)w + (b +

aw + Bu*)v when {a, 8} are in regions corresponding to Cyg to Cia.
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